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PREFACE. 


The solutions to the questions, particularly in the earlier 
chapters, are exhibited in some detail, in the hope that they 
may thereby be better adapted to the purposes of a Key. In 
all I have aimed especially at clearness and accuracy, and 
trust that no errors will be found. 

In one or two of the examples to Chap. XY., the complete 
solutions are so lengthy that I have limited myself to proving 
the character of the result, and indicating the subsequent 
steps, referring the reader for further information, if required, 
to the History of the. Calmlus of Variations, or to the Re- 
searches .... 

The working of examples 13 and 14 of Chap. V. (based on 
the principle of Art. 66) which is given in the History of 
Prohability, is shorter than that in the Key ; but the latter 
may appear clearer, and supplies a different method. 

All the references, not otherwise specified, are to the 
Integral Calculus (edition of 1886). 


H. St. J. H. 




KEY TO 

TODHUNTEE’S INTEGEAL CALCULUS. 


CHAPTER I. 


l-3a:-a;2=-L+|T+?, A ifa;+f=2, 


tte integral = 


-‘2/ ‘4' ••-•^-2“ ’ 

*^ = sm-i-|l (Cf. Art. 9) 

/I^ As 

4 


= sm-i- 


2. Integrating by ‘ parts ’ (Art. 12), 

Jlog xdx =xhgx--jdx.x.l=xlogx-Jdx=x log a: - a:. 


3. So fx"Aogxdx=^^Aogx- [dx. ^ 
J n+1 “ J n+1 


j- logic- dx. 




loga:-- 


n+1 n+1 ® {n+lY 


4. So f6sia8dS = -d cos6+fd6 .cosd.l=-dcoad+siiie. 

theinlegriai.,(v.-.*=l), 

6. If a; = 3®, dx = 2zdz, and the integral becomes 

• 2zdz = 2j ><Jm+zAdz, and by Art. 14, Ex. 4, 

the integral = &JmW+ m log {s + sfm+z^} 

= slx[m+x)+m\og{slx+ slm+ x}. 

S A 
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todhuntek’s integeal calculus. 


7. Integrating by ‘parts/ 




■/*-f ■ 


= ^ tan'^a: - ^ + i tan-^a;. 

8. (1 - cos a;)- = 1 - 2 cos a; +i(l f cos 2a:) = I - 2 cos a: + 1 cos 2a;, 

/. the integral = ~ - 2 sin a; + 

® 2 4 


1 ^ 1 V 1 

V(l-a:)S (l-a:)V 2(l-a;)2 1 


aj^c^a: _ f x“dx( ^ 1^ 


J 2(1^ a^ + z^. 


= ± ]=!,. log^. 

6aV [a^-cc^ a^+zv 6a^ a'^-x^ 

11, f\l2ax - xHx = fdx . - x - ap) = etc. (Cf. Art. 14, Ex. 1.) 

12 f r: [■ ■ - a + a) = -ij2ax-x^i-a f -jr£^-r— g 

Jsj^ax^x^ Jsj2ax-x^ ^ J \l2ax-x^' 

f dx ^ x- a (TT x-a^ 

the latter integral= aj^^=== = asin-i— = a |2 - oos-i ■ ^ | 


r T a - a; ‘7r\ ^ 

cos“i — - — - > = (: 


I a 2J \ c 

/, etc., omitting the constant. 

/ dx 

{(=r-3yW 

and by Art. 14, Ex. 2 it = log{a; - 3 + \/a:^ - 6a; + 13}. 


a cos"^( 1 - ~ ) = a vers“^- ; 


14. If 


a: + sina; = s, !L = l + cosa:, 

.f]dl£21^dx= f— = log 2 ; = log (a; + sin a;). 
J x+sinx J % 


1 + cos a: 2 2 2 


/, the integral = a; tan / cZa; . tan 5 -{- dx . = xtm^, 

2 J 2 J 2 2 

f dx _ f (f (log a;) _ _ 1 1 

J a;(log a;)” J (log xY n - 1 ’ (log a;)^”i’ 



CHAPTEE I. 


17. 


j log (log jlogz,dz if log a: = 2: 

= s log IS - y “ integrating by parts 


IS. 

Of. Art. 14, Ex. 4. 


s(log s - 1) = log a: . log log x - log x. 
/.r + .v/?^ = - 1) = I - 


. O Ti 
2 1 "^ T ‘"V •" 


19, If a:- 1=22, 

j f0^y = J~{z- + l)^==2jdz{z^+3zi + Bz^+l) 

= 2 y + r 2^ + + 2 j = 2\/a; - 1 1 - -y— ^ -j- g ( a: - 1 )2 + a; - 1 + 1 1 5 e t c . 

20. Since smma‘cos7ia; = J{sin(m + 9z)aj + sin(W"”?i)ir}, as in Art. 12, 

fe- . sin m cos +a similar ex- 

J 2 1 a^^(^jn + nf J 

pression changing the sign of 


21 . So by the method of Art. 12, Ife^^cos Zxdx+ ^fe-^cos xdx 

= ^(-oos3c; + 3sm3:r)-(l + 9)+?j! 1 z£ 2?£±EH), etc. 
Aliter : apply the result of Ex. 16, Chap. IV. 


22. / \^ar x- ,dx: iix- a sin 6, the Its. of $ are 0 and ^ (cf. Art. 46), 

‘^0 2 

and the integral becomes 


f . 

•^ 0 . 


cos ^ . a cos 6dd 


=jJ^ f^^(l + cos 20 )=|'(^- i -! HL ?.^)^^ 

_a^(7r 
~2 \2 


+ 0 - 0-0 = 


Cf. also Art. 35. The result may also be simply obtained by regarding the 
integral as giving the area of a quadrant of a circle of radius a (Art. 129), 
or be deduced from Art, 14, Ex. 1. 


23. If x~cv = a sin i9, 

.o<, 

Uj2ax-x\dx= a-QOs^e .dd-a^ jde (1 + cqs26} = ^^“, as in Ex. 22 : 
*/ 0 Jo 2 ^ 

or, again, the integral is the area of a semicircle of radius a. 
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todhuntee’s integral calculus. 


Aliter: as in Art. 14, Ex. 4, V 2ax-a? = a--{x~a)-, 


r 

I \/'2ax - X ‘ . dx = — p 
Jo 


a ^ a- . x-a 

~ s!2ax - -f- 75- sm- 1— — ■ , 

A a h 




24. As in Ex. 4, / ct^sin = cos ^ + sm0) ' =a.7r. 


25. If vers~^ - = a; = a(l — cos 0), = a sin 0d0, and 

a 

j X vers-^~dx = j a-sin 6dd .0(1- cos 0) = d0^o sin ^ - 1 sin 2^^ 
= a--|^ - ^ cos 5 + sin ^ +1 cos 2^ " J 


= ^cos^ + smi 9 + ~cos 2 ( 9 - — 

26. Putting a; = a( 1 - cos ^), 

in jjj fir 

X'veYS'^'^-dx becomes a^sin 0dd . ^(1 - cos 0f 

^ Jo 

= f d0{0 %m0 — 0 sin 26 -{‘0 sin 0 cos^^) 


sin 2^1 p 


- -6 COB 6+ J cos 6d0-h~ cos 20 - cos 2^ ~ 




4 Jf 


= a3| - 0 cos 0 + sin 0 + ? cos 20 - ~ 

I 2 4 3 

^ sin3^ _^sin(9\ j'^ 


= 7r+-+ -■ = 


36 4 J o 


2 3/ 6 


27. j sin- ^ cos^ dd0 = J "^^s M0(sin-^-sin^0) = 

„1 1_2 
3 5 15* 


_si^ sin'"^/? / 
'“ 3 “'"^ /o 



CHAPTER L 


D 


1 


jsiiia:+'cosa:'^/2j^^^^|p2j 2sin(|+|)cos(| + |) 


i 

’^ 2 ] 2 


[cos(|+?)’'sin(|+gJ 


= 2^ log tan (5+1). 


29. If x=t, 

y 

clz 


/= 


XsJ{a + &a2 + cc»:^) 


■Ih 


dy.- 


r 


-/: 


\/(a 2 / 2 +by + c) J fj{ay" i’by-j-c) 

= - J» log {2ay + 5 + 2\/ asj{ay '^ + &2/ + 
fJCL 

14, Ex. o) and .*. = ~ — log{2a + 6a?+2\/a]s^(a + &a; + ca;‘^)} + 

\/a f^a 

Here a is positive ; if a be negative the integral will involve not a log, but 
the inverse of a sine. 

30. If sm“"'^a;=^, dx-co^Bd6^ 
and sin ~''^xdx = = f BdB . cot^d coseo^B 

J J j 

- J^gcot^e 

' aot^ff +lf cos eaef -A-) 

\ 3J \sin'^^ sm^y 


= cot^^ + 
3 


= -goot®^-— 4-:n,-^logsm9 
3 6 sm-0 3 

^_si n^(l-a:^)t _ 1 -hoga;. 
3*3 6*3 3 ^ 


31. If sin 6 = x, 


fB-oosedB^ f fide sec=5 = 0 tan 0 - f< 

j(l-*3)t J J J 


do tan 0, 


(integrating by parts) :=BtmB-t log cos B, • • tan B = 


sin B 
cos B' 



TODHTJNTEll's INTEGRAL CALCULUS. 


32. If :3; = ^5 ^cos5, 
J 


_^= - /Vsiq ^_lfJL=-Lfde cosec^eil + com 
«_ 3.0)1 j a^aia^e a*Jsm^6 a^j 

.'fc.+SS!!?'). 


a^\ 


3 1 
a 


f sin^’cgg L r 1 ,■ ^ )- -^+2±- 

J a + bcos"x J V 6 a-r^cos'a;/ 5 & J a + b-{- a 

hr dx 


sec~x 
taii-j-; 


X a-rh J 

h ab 


dx sec-x 


-4“tair£t’ 


■T + 
b 


a + hi 

^ a ' 

ab ' 



|“tan~^. 


taB X . 
\ia-^b 


X (a-^V 
~ h^V^) 

34. Integrating by parts, 


a + b \ _ I sja tan x 
\/a + 6 


o^{a + bx^)^dx = [a + h^)^ + bx^)’-dx 

oO oO J 


35. If a; = tan 9^ 

f dx _ f 

JxWTTx^ 




sec“9dd 
tan^^ sec 9 


' .+4 


. f^»= Ued,(J^- .1, ) 

J sm^O j \sm^9 sin-oJ 


or, V sin0: 


3sm^<? sin (9 /s/l + H's’ 

36. If a:=taii(9, ^=_i_= JL, and .-. 

dx sec-0 l + x’^ 

f tsia^"edB = ftaa-’>-m0(sec^0 - 1) f and = 

J J 2n-l J J 1+aj- 

= Jr— {(a:2« + a:2'>-2)-(a;2»-2 + + , .. - (-l)«(a:'- +!) + (-] )”1 

= -T — 1 - w — 5 + . . . - ( - 1 )’‘a: + ( - 1 )”tan-ia;. 

•2n-l 2n-3 



CHAPTER I. 


37. J'^sin mx sin nxdx = ^j dx{Qos n-m\ x ~ cos n-i-mX x] = w, say ; .*. if 

», linage., ; 

and so J ^cos mx cos 7ixdx =^J c2x*{cos ?i - m] x + cos n+7n\ a;} = 0 : 
but if = m and they are integral, 


J sin mx sin nxdx = -|J dx[\ - cos ^mx) = -J | a; - 
and so f^^cos 7nx cos nxdx = | /* dx(l-i- cos 2mx) = 


sin2ma;) / tt 


2m J /o 2 


38, Integrating by parts, 


logj c?a; = a:^log-j J dx . x ,S{^log^J . - = xilog J ^Sjdx.log 

= .(log5)’-3*(l.g-3V/.<!x.2(l.gg.l 

= a;(log - 3a;(log + Gaj/'log ^]-6 f xdx . etc. 


39. When cot ^ = x, 
f cot'^^xdx _ _ r ^ (^o^^c!^ddQ _ _ T 

I P(l+a;^) J cot^O cosec^d J 


eddta>TaPS= - dd${sec^e-l) 


a:^(l + a;^) j cot^^ cosec^^ J J . 

= - ^(tan i9 - ^) + Jd&(tan6-&}= -S(tsLii0-0)-^-logcos0 
= tan i9 -log cos d. 


40. I dx 


2a-hx f a-x _ f dx 
'a + ic'V a + x J 


a^ — x^^ ct + a;/ 
sjcu^ — x^^ a+£r/ 


a-x~a+- 


= \Ja^-x^+ J- 


(a-j-xP(a-x)'^ 


and the latter integral = af 

{a-hx)'^'{a-xY^ 


I ^ f 

- {a +x)^[a-x)^‘ ^ (a + a;)^ . 

= f ~ „ 2fl\ a f 

^ [a^x)i {a + x)^ 


= -2a\/— and .•. etc. 


S5 
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todotnter’s integral calculus. 

41. Here ^[vers'^?')j; ~cos"^(l = -i . ^ 

dx\ a/ ax \ aJ a 


1 




s!iax-x^ 


and tlie -given integral = j vers"^^. * ^^^ = ^(^vers"^-y. 


Allter: ifvers"^- = ^j a; = a(l - cos ^), 
a 

fYev&'^-dx 


and 


fverB'^-dx ^ ^ r 

/ a _ r adsmddd _ + 

\l2ax^ J a{(l-‘cos 0 )(l + cos 6 >)}i J 2 ’^^' 


42. 


fdx_ 

[ 

\ ^ 

ll+ccosx j 

'(l+c)cos=|+(l-c)sm2| J 

'l + c + (l 


'2 


2 

^sec 25 

2 2 2 +„T^-i f. /I “ c 4 . a?) 

l-«/l+«+tan 25 i^l + c 2 j’ 

1-c 2 


c<l 




‘ 2 c?a; 

l+ccosa; ^/fl 

1 


2 

V l + c l + c-(l-~c) 


, tan“ ^— ^ - ^ - = ..■ - - L, ..cos-^c (cl Art. 14, Ex. 14). 

\/l-c 2 C ^ 


43. c 


f e“^cosW& (as in Ex. 21) 

J c 


and 

"2 


= (3 sm 3^ - cos 3^) +-^ (sm 9 - cos 6). 

40 8 

_ir r 

p~2 p2 9 TT 0 TT 


44. If «=j:+i, (fz=(fa:fl-l)=— («--)> 

X \ x\ xi 


and 



- d2 


1 

-j 

j clz 

/ a:;^(l + 3a:^ + ^^) J 

V( 

*’+|+s) 

J 

i/(s“ + l) 


=Iog{z+V^}=log- ±^'*'^^^+''^^°-^^l 



CHAPTEES I,-IL 


45. If = 7ibx'^-Hx~4,'z^d%f 


{{a + ‘bx>^'f dx _ f z^, f z^dz _4 / 

X J nbx'^ jniz^-a) nj 


:=^[dz.Z^ + ^[d'. 


z^^+sjo. 

1 \ . 2a 


4%^ f &(_L 1 )+?« , i 

3» n] \ 2 _ai 2 +ai^ ” a^ ai 

= ^V^log?Zi5!+25!tan-il 

3» w tt 

” (a+6a:«)i+ai 


a+to'N^ 
ffl 1 ' 


CHAPTER ir. 
A , Bx+Q 


1 . Let -i_=^ +-£±±P 
a:3_i x-VxHx + l’ 


^=A(i>?+x + l) + Bx{x-l) + C{x-l), .'. putting K = 1 and 
0 successively, 1 = 3 A , and - 0 *= 1 - ^ = |, and the coefficient of x? gives 
R=-A=-4. 


/■_4 = 1 

f dx 1 

I'(x-h2)dx_ 

f dx 1 

^ dx(2x-hl + 3) 

Ix^-l j 

3(k-1) sJ 

aj^ + a;+l J 

3(a:-l) ej 

a)^+a; + l 


=-i log (* - 1) -^log (a;2+a:+ 1) - i [ — ^_ 
3 6 2j (a: + 4)“+f 

= }-]o<»j£zl]L-l 2tan-i^* + ^ 

6 °a;2+a; + l 2 ’ ^3 


[^d£t:= fd«{l+f(-^ 

da:2-4 J I 4U-S 




3 _„_ 7a;2+12a; ^ , A . B 

o?T7a:+12-^ J=?7STr2-*~^+S?-3+^T4’ 

•• “ 37.E — 84+^{a7+4) -f ji5(£c+3), 

and putting = ~ 3 and - 4 successively, 

.4:^84-111=^27, ^ = 148-84 = 64, 

•■• j^s:;4+i2 = |~7a:-271og(a+3) + 641og(a’+4). 



iO 


4. 


todhuntee’s integral calculus. 


a x + aj } 


-±fdcc-< 1 
2a- J la-+a^ 2a Va:- 


aad 


- ^ tan-i®-— log^-^, i£«>a> 
"2^ a 4a* ^a; + a’ 

_ 1 tan-i? Lloe— , ifa:<a, 

"2^** a 4a* “a+a: 






^ /( 


(Zee 


rHf 


• A!b+.S , Ca;+I> \ 
a^+1 a:* + a:+l/’ 


say, 


(a:* + l){a:*+»+^)' 

l=(i[£ 8 +£){x*+a;+l) + (Ca;+Z>)(a:*+l); 

tLe coefficients of a;*, a,-*, a:, and 1 give A + (7=0, 

J, + B+JD=0, ^+5 + U=0, and 1 = 5 + 2). 

( 7 = 2 ) = -a 4 , .-. 5 = 0 , 2 ) = 1 = C=-.A, 


Hence 

and 


/ [ —X + 1 \ 

-2x 2a;+l + l \ 

2 C‘^ + iC + l/ 


'SH: 


-_ilog_-?!±L +1.4tan- 

2 ®a:*+a:+l 2 ^/3 


^/3 • 


,2 _i 2a ^+l-l _lJ ..L.4- i-M» 

iB^+x*'L2 2'a;^ + a:*-2 2la:*-i a:*+2 3\x*-l a:^^+2/J 


f = fdcc-l^- . _i-+?. „r 

j^+a;*-2 j“ is x*-l 3 2 + x'J 




;-I «+!/ 3‘2+x*j 
6 ^a: + l 3 s/2 n/2 



CHAPTER II. 


11 


8. If = Ax-{-B ^ Cx+D 

x^-^x + l x^-x+V 

x^--l={Ax + B){x^-x + l) + iCx-i-I)){xHx-^l); 
and the coefficients of x^, x^, x, and 1 give ^ + O' = 0, 

-‘A + B + C+I) = l, A-B + C+D=:0, and -l = B + R 

Hence ^ = and i + (7=0, -A + 0=2, 

C=l, andH=-l, 

f (x^-l)dx _ f -{x + l)dx ^ + l 


I x^ + x-^ + l J X- + X + 1 JaP-x-i-l' 


A I iter, more simply, if 2 : = a;+-, 

X 

f ix^--l)dx ^ f x^dz ^ f 

j x^ + x^-i-i ja:^+a2“ + l J 


'.AY-i 


X'^-^X+l 


etc. 

z-t i 


10. If 


.•. putting 


11. If 


a;^-3ie+3 1 -i , 1 L 

■ {x-l){x-2) (a;-l)(a;-2) ' x-2 x-l’ 

fjt^^dx = x+hg^. 

J(®-l)(a:-2) ®a;-l 

3a- 1 _A B 0 
a(a-2)(a+I) a a-2 a + l’ 

3a-l=H(a-2)(a+l) + 5a(a+l) + C'a(a-2), 

a = 0, 2, and - 1 in succession, 

-l = -24orH = i 5 = 6Hor5 = |, 
-4=-C(-3)or(7=-|; 

/ - 2 ^ = i log a + -I log (a ■ ■ 2) - 1 log (a + 1). 

1 _ Ha+H _j C 

(cc- + a*^)(a: + 6) cc^ + a^ x+6’ 


7. if a;=~&. 


l=Ma; + 5)(a;+6) + (7(ct;2 + a‘*i), 

1 = 0(a-+b-), and the coefficients of a:- and x give 


A'hO=0 or A-~C=^- 


jj,; and Ah-hB = 0 or Bz 


= fdxi +_L_ 1 

) J I x+b\aHd^ 


Oj^ + b'^ ^ 


[iki 

~ { log (a + &) - log Va^* + a“ + 1 tan - I , etc. 
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TODHTJNTEll’S INTEGRAL CALCULUS. 
1 1 


^^x(l+iB+K=+af) zCT+kHI+x^T a: l+» 1+^^ 


then 

and putting 


X give 
and 

Hence 


h 


1 = J:{1 +!i:)( 1 + a^) + &(1 + 3^) + {C3: + I>)a(l + *), 
x = 0 and - 1 in succession, 

^ = 1 , and 1 = - 2 S or B = - i ; also the coefiacients of a? and 
A + O+D = 0 or C+i)=— Ij 
A+B+D = 0, D=-iand(7=-4. 

dx 


, [{x-^\)dx 


J xa+x’i-x^^+x^}' 

and the last integral = - i 

=-Jlog(s^+l)-pan-'a;, .-. etc. 


B j Cx + B ^Ex + F 


13. If (j._i)2(a;3 4-i)--i (a:-l)2’^a:-l'''(a:^+l)’^'^ »® + l ’ 

l=^(a:3 + 1 ) 2 + B{x - l)(a:2 + 1 )H (Ca: + D){x - 1)» 

. -r^, / 1 \0/ I 1 \ _ / 


.( 1 ) 


+ {Ex + F){x-mx^+l)i 

1 = 44 ! „ 

0 = 4 (a^ + 3) (k^- 1 ) + 5(2:- 1 ) (a^ + 1 f + { Cie + !))»- 1 r 

+ {Ex+F){x-lf{x^- + l), 

0 = A[x^+3){x+l)+B(x^+l)-+{Gx + I>){x-l) 

+ {Fx-i-F){x-l){x^+l), 

0 = 4. 8 + 5. 4; .-. 5=-24=-h 
also the coefficients of x>, x\ and a:» in (1) give 
d-B+E or5=i-, 

0 = 4-5-25+5’. or5=J, 


and 


and /. 


and putting a; = 1, 


and putting 23 = 1, 


0 = 2B + O+E ,2-2F or G=l- 

■l+i = h 


1 = A-B+D+F ovD = l- 

■i-h-i = 0; 


f dx _ i _llnfr(.,._n4- 

1 


llx-mxHlf^ 4(a:-l) 2 ^ J 

'(a:-‘+l)^ 2j 

^2^1 


llog(a;-l)-^._4-,+5log(!K^+l) 

4(a:-l) 2 * 4 a:- + l 4 


+ - tan'^a:. 
4 


14. If 


A 


B 


a ^Dx^E 

-J-- 


then 


(l+a;Kl+2a:)“(l+'?0 l+ 9 :'*'(l + 2a:)2 i + 2a: 1 + a:^’ 

a:=4 (1 + 2a:)=(l + a:=) + 5(1 + a;)(l + 2 :^) 

+ {Dx+E){l+ a:)(l + 2a;)“ + 5(1 + a:)(l + 2a:)(l + *=), 



CHAPTEB 11. 


IS 


and putting x = - 1 = 2J., 

and putting a =-i, = § | also the coefficients of a*, 

and a® give 0 = 4 cA + 4-D +20 ov 2 D + (7=: 1, 

0 = iA+B+iD+ 4 :E+ZC or 8Z)+4^f+3(7=2|, 
and A + B+E+O =0 or E+C=i+i=\i, :. 4 :E+ 4 : 0 =\\ 

and 8Z)-0 =~V, \ 0 D = ~tor D = 

and.'. C=1 -2Z) = l+^^j = |-|, and “'A'l 

and .•.thegivenintegral=Jda{-^ 

= -^^ log(l + a ;) + |.^-^ + fflog{l + 2 a ;) 

“ T? 7 log ( 1 + + -sV tan 


15. If 


Ax + B 


+ l x^-x^ + l x^-+x\/2 + l 


jtlien equating coefficients of like 


powers of cr in +B)(ir^'+'irN/^+ 1) + (Oa?'i”i))(rr^'“ ir\/2+ 1), 

0 = A + G, 

0 = A + Bs /2 + O-Ds/ 2 , 

Hence B + I). = 0 - B-^I), 

and 

n/2 

Thus f^=J fdJ— 

Jx^+l 2\/2i Va:2- 


l = A^/UB- 0 \/ 2 +D, 
0 = B+D. 

B = 0 = D, 

A=J- and 0 =- ^ 


2\/2 


2\/2 


_ a ? \ 
W 2 +1 + x\^2 + 1 / 

1 _ f f 2 ix -\/2 + n / 2 _ 2 a ; + \/ 2 - W 2 \ 

v/2i' U’2-W2 + l jc^ + Wl + l/ 

‘ 


W2. 

1 


4 n /2 


loo : 


a ;"- a;\^+l _^1 
a ;- + W 2 +l 




= 1 log^!— +!!^{tan-i(a\/2-l) + tan-HaN^+ !)}• 
isj2 ^x^+x^l2+l 4 ‘ 


in Tf „-<da; + 5 , Qx-^D . Ex-\-F 

lOi aI — ~ — -r 1 " I "T — ■' ,_ ■> 

a®+l a-H-l a^-aVS+l a^+ax^S + l 
equating coefficients of like powers of a in 

x^ = iAx + B)(x* - a'-i + 1) + (Ca +i))(a2 + l)(a= + aN/s + 1 ) 

+ ( & + J') (a'^ + 1 ) (a*^ - a\/3 + 1 ) , 
0=:A + C+E, 0 = B+CJ3+D~E\^+E, 

1=-A+2C+ Zi\/3 + 2E-FsJ3, 0 =-B + (7^3 + 2D-E\/3 + 2F, 



li 


todhunter’s integral calculus. 


0 = ^ + C+Z>N /3 + A)'-i^V 5 , and 0 = + + 

From the first and fifth of these equations 

D = by the sixth equation, 

and from the second and sixth equations 

<7 = ^ = by the first equation ; 

2 

by the third and fourth equations 

^ — 2 A or a = - -J , and 0 = - 2 -S or B = 0 ^ D = F, 

Ca?dx /■, f 1 * a: x \ 

H®“°® ra 6 - a:2-W3+U6’ ar=+a:N/3 + lJ 


=-llog(x^+l) + ^Jdx(- 

+^Jdx 




2 a: -T- ^ 

WS + l a:^ + W3 + 

1 1 


i) 


hfH hm 

= - } log (a:^ + 1 ) + i log 1 " ^ 3 ) 


17 . If l- 2/5 = 2 / 3 s'ori-l = s?, -i.< 


~tan"^( 2 a: + \^ 3 )}. etc. 
and 


where 


and 


yij[l-f)~ J'~^ Jl+^ J U+^ 1 - 8 +sV' 

’ z^Ail-z + z^)-h(Bz + 0 )(l + z), and putting s = -l, 
A = '- 1 , and the coefficients of z- and give 
A + B = 0 OT B = i, and A + 0 = 0 or G=\, 

f 2 <^s 1 _ ^+1 \ 

Jl + z® 3 J "ll+s 1 -z + z^J 

" ^aT|] 2 +|) } 


= 1 log ( 1 + a) - i log (a® - z + 1 ) - i . tan 


.]2 z-l 




f 


'■2/'‘ + 2/“.Vl -2/“-* 


\/3 W 3 


= I log { 2 / - 2 /^} - tan 


_^ 2 \/l - 2 /^ - y 
?/\/3 
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18. liy = . 


•' 1+x 1-y 

f ydy 1 1 [ ^ - f dy 

J X -(l-yr-'-i/d + Sx + Sx-^) 1^, V/ 1 Y nT' ' 

^ [l-yj (l-yf 

and by Ex. 17 the proposed integral, replacing ^ by rr, 

~ ^ ]a^ ^ + v 1 + 1 4.^^ -1 f 2 V 1 + 3a; + - x } 

2 1 +ic Js J 


x-y^, and the given integral becomes 


CHAPTER III. 

1. Integrating by parts 

/ M ” r T 

{a^ + dx = x[c(P‘ ’hx^y^-nl dx, x^(a^ i-x^P" 

. r ^ n 

= a?(a-+rr-)2 -n dx(a^+x^ - a^)(a" -f a;2pr ^ 

= x(a^+x-}--nJdx(a^ + x^y^+m- 1 dx(a-+x^y^~^» 

transposing and dividing by ?i+l 

J (a3 + x^-fdx = + a;-)H —J dx[d^ + x^Y . 

2. j x'^i^ax - a ;-) "^dx = ^x^^^ ~‘^{x-a + a) (2ax— x’^yhlx 
= ^ —^{2ax - a;-) - + — g — J dx . fa/ dx . 

=-^j-(2aa:-a:2)^H-~~.1.2aJ(Z*.a:“-i(2aaj Jdx.x’’‘l2ax-i^f^ 

+a J dx.x™~^{2ax-x-)^, 

^1 +— ^) J dx . x'^{2ax - a;-)'^ 

"1 A /T I 1 ■ 

= - t^(2aa - a;2)^ + |(2m -2+3) dx. x”>-^2ax - 
.r Jx’’‘(2ax-x‘)kx=-^!r^^^^+^^ 

3. Jxs/ 2ax " x^dx -f[x - a\ + a)sj 2ax - x'^dx 

= - -J {2ax " + afsl 2ax - xHx ; 

a simple case of Ex. 2. 
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todhunter’s integral calculus. 


I 3 / 2 <? nia 

xj2ax-xHx = -'~^2ax-oi^)^j i-aj fj2ax-x~dx 


a r2a 

\/ 2ax - x'dx =: a _ (cc-a)^}idx, 


as in Art. 14, Ex. 1, the integral -a^-^sj^ax- x^l — 2/“^ 

2 lo 2 a /o 

. .x-al“^ CL^fT ttN ra? 


= 2^^^ .r2l2-”2r-2 


5. J a; V 2tix - a;"c?a; = jx{x-a + a)\f 2ax - = - ^(2ax *- 

+ ~Jdx(2ax-x^)i+a jx\/2ax-x-dx 
= -^{2ax - 31-)“^ +^jdx, x{2ax ~ 

- ij a:2(2cta; - + aj xj2ax--x\ dx 

I J = “ ~{2air - +^ajxsf 2ax - x‘dx, etc. 

, /jj ft /2a Pv« r2a 

^ xW2ax-xHx = - j(2aa; - / + -j / x\j2ax^^dx 


and /. , as in Ex. 4, 


-U /" ^•J^oc-xHx, 


- ■? _ - 
'T ■ ~2 


AUter: putting ii; = a(l + sin S), dx = a cos edB, 


I a?\/2ax - xHx - j V(1 + sin 


= j '^a*de{2 cos-e - cos^e + 2 cos-5 sin 5} 

"2 

“ " T T 2a‘^^d5(2 008^5- 008^5), 

and .-.. by Alt. 35, 

7. In Ex. 2, putting m = 3, 2, and 1 in succession, the result can be 
obtained, but practically the simplest way is to put a: = a(l + sin5) when 
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the integral becomes 

f''d6{l + sin dfco^-QdB ~ 2a^ hd0{oo&-6 4- 3 sin^d oos^d) 


=• 2a® / cos^d - 3 cos^0) 


assuming the results of Art. 35. Cf. also Arts. 41 and 42. 

8. f a;"{loga;)“cZa:= ?^^(loga;)“- f . a;«+i. m(log!!;)™-i. 1 

J ?l"r-L J 71"^ X ^ 

= ®)“ - ^ ^niog ar-Hx. 

M +1 « + lJ 

9. [ x’^ilog xfdx = ~ (log »)= - f iK”+i (log X)l.dx 

J n+lj ° X 

ojM+1 O /* 

= _(log*)2-_ij^«(Iog^)^« 

10. /'^sec*‘5c?0 = heo^ffd + tan2^)d0 = tan ff ll+^ll^ 1 + 1 = 1 


11 a- X _ I'^ xdxjax-x^) 

•1^ sjai-x \/a^-a;2 

la ra 

= — {ax — x-')\f - x^j 4- j dxsj - x\a — 2x) 

/*« 2 nl^ 

-coJ^\/d-‘- x\ dx 4 ^(a® - a;-) 

= §{ckV^^+ }_( - - 1 ). 

12. /sin^e cos3«d0 = /sin ede[aos^ - cos^d) = - 1 cos^fi + ^ cos«^. 

1.8. = UeiJ-.. +Jdf 

J sm*e oos^e J \sm^0 cos^ej 

=Jde{ooseo‘^e + sec^i? +2(1 + cotes') (1 + tan=^ )} 
=/^^^>{cosec'‘^ + 560*0 + 2(cosec=e + sec=i9)} 
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todhunter’s integral calculus. 


=-,?cot«-“-^+3taiie+^, etc. 

o 


sin^ 1 


/' smW , f^^.d8.sm9=-. — -,.-,7/ 

j oos^fi } cos^d -cose J 

1$ _1 f dd . C03 e 
^~2j 1-sin-e 


COS^ 

‘ cos-^ 


sin 5 
” 2 cos“^ 




. sinS . IjogiuSL?. 
■JcoS 4 ®l+sine 


15 . I^Jcos2$}^cosSd$ becomes (putting n /2 sin e = sin and 
sl 2 mSdd=co 3 <j>d(p) 

[ = n /2 f cos^d^ = • i O " ' 

Jt n /2 


16 ’ 


16. Ifcos-i5 = e, x^acosS, and 

ll/^.oos-^^-dx=-raBineJ.asmm=^l;dffJ{l^ 

Jo a - . 

, integrating by parts, = 


sin 25 






.a= (rX_t(i+^^]r- 

■ 2 ■ \2J 2 \2 4 /||) 


T"; 


17 If vers-’2 = e, a = a(l - cos d), and 
a 

|'“(vers-«) dx = ® 


= A+ 2 a 0 sin 6 ? ~ 2 ft c^^sin^ 
|o jo 


= A + 2a cos 9 =A“4a, etc. 
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18. Here 


sin'^x smx c-c cos-tr 


1 + c cos cr 


1-rC COSCC 


rx _ sin X f 
iX 2 I 


c + cos X 
1 + c cos X 


sm X 


f '* 2-1 1 

< -ccoscr + — + 1 >, 

1 + £3 cos T J 


^2 sin^xdx _ fidx/ 
Jo 1 + c cos a; Jo y 

'M' 


Sin cr - £3 sin x cos x + 


c- - r sin x\ 
c cos X 1 


1 + c cos X 


/• c^ — 1 /■ 

' cos a? - silica; - — - - log(l + c cos x) - ■ ' 




19. 0(n) 


f dx _ sin“Cg + cos“cg 

J (1 + ccosxy^ J ‘(1 + 


2 -c 

W 


(1 + c cos x)^ 


c(7i-l} (1 + C cos a;)' 

- sin a3(I + c cos 
(n-l)c 


sinx _ 1 f dx,cosx ^ f dx . cos'x 

cosa;)^^"^ 1 )J (1 + ccos a;V‘"^ J(l + ccos(r)^ 


- + <p{n) 


dx{c cos a; + l - 
c-(?i - 1)J (1 + c cos a;)’ 


dx{c“eos^“x + 2c cos cr + 1 ) 


(1 + ccosa;)'^ 


-D+if' 

-1 cy 

] f dx{2GCOSx + 2-l) 
c^j (l + ccosa?)^^ 


= - - 2) - (;f>(n - 1 ) } + i(^{n - 2) - - 1 ) + 

and 0(?z)(C“ — l)(a2— 1) 

= c sin a:(l + c cos a;) + (n - 2)0(91 - 2) — cf>{n - l)(2ji - 3). 


20. If vers ' a; = a( I - cos 6 ), and 

ct 


f-a, / X\ ^ fTT Ctt 1-CO 

\l 2 ax - xK ^vers"^“ Ida; = J a &m 6 . 6 .asm Odd = cr | 6 . dd :y 


cos 29 


aV _ aV ^ , cos 20\ j'^ 

"2"'‘2V2 "T“ Jlo 


aV a-/ 7 r^ l_l\_ aV- 
' 2 ™‘' 2 V '2 4 4 ; -- 4 “* 
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TODHUNTEll’S INTEGRAL CALCULUS. 


Alitir ; by Art. 41 (3), 


-2a 

s/2aa;-a:- vers' ~d^= I v2( 

Jo « JO 


’2aa: - a^ers'ij 2 - - 


- vers'i^ya; 


0 

- -if 


= / V2ai^a:2(7r-vers- 

TT ! 

\/2aa; - Trc^a; -^\dx.sjd‘-[x- af 
= ~ . area of a semicircle of radius a = 


21. If vers"^- -6, a; = a(l - cos d), and 
a 

x\^2ax - icVers "^-dx^ I a®(l — cos 0)siii 0 ^ . sr 
0 ^ Jo * 

=a^jjede(l 


sin 9dd 

-cos 20 gi^sjeosS] 


O 


2 

sin2d\ /■ 


/ 


T)l^ 

aV 

“ 2 V2 ^ 


0 2 Jo V 2 / 


^ahhi^dj'" 


+ a® 


sin^^ 


2 

aV- 

""T” 


3 


/o^SJo 


f^dsin (9(1 “C0S-(9) 




COS^ + 


cos^ 

1““ 




J^^dx tsiU'x=: ^^fk(tan®; 


3 3 


'it sec“Z - taiv^a) 




■*cZa:(tan®x sec-x - tan^a: sec-a: + tan x sec-x - tan sr) 


= f- tan^a: - - tan^o; + ^ tan^a: + log cos x 
V6 4 2 

= 3:_I + l+log A = l-hog2. 

6 4 2 ^./2 12 2 ^ 


23. Here ai may = ^, and sin sc = 1, c ’ lmist be not >1 for real 


values of VI “ c-siirsc, and 

rl.i^=fWi+ 

J. /si 1- chmh: \ 


^“+l:Lfo4sin4a; + 144 Am»x+ ... 
2 2.4 2.4.G 
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by tlie Binomial Theorem, and /. by Art. 35, 

3. 1,1. 3. 5 

12. 


5.3.1 


2 !^^^ ■ ( 2 j ''' 2 . 4 *^ ■ 4.2^2.4.6'^°‘6.4.2^ 


...} 


24. fx‘«^F’dx= fx‘^.P>^-Kdx.P-fai'”'P’^-'^dx[Ax^++...) 

=SfAdx . a;“+“. P-i=S4 „.i} (1) 

Also, integrating by parts, 

I xfPHxs F™. „ = « f cc-^+idcc . p» -1. 

J • m + 1 m+lj dx 

= (^ + 1) n+^i2{Aa ^m+a, «-l}> 


or 


by (1) 




m+a, n-1* 


CHAPTER IV. 


1. If ii; = a sin^^, 


f^X%dX _ : 

Jo \la -x J 

fla^sin^d . 2a sin ^ cos /* 

^ a^cos 6 

-2£i 3^. 4^!;-Sa8. 

2 6.4.2 16 


f^^(2a - x)dx _ 1 p^ dx,2a 

Jo \/2ax-x^ 

Jo \l2ax'~x^ ^^Jo \j2ax-x^ 



3. If a? = a sin 


Ha^~eV}dx_ rl 
Jo \/d^-x^ Jo 

a-{l-ehm^e)d9 =a^(T.-e^.l 

V. «u 


'dd . sin®<9 


dx 


sla^-[x-af 


4. Here 


/: 


{x^+x‘^)[l>^^x^) 
dx 


=_i_('_j_ - 1 \ 
aHx^r 
1 


^tan-ii-itan-i- 
0 0 a 


:}/: 


+ x^){b'^ 4- x^) a- - , 

1 Tt/I _ a .. TT 

2\6 a/ 2a6(a-h5)* 
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todhuoter’s integral calculus. 


5 . Hence ^ 4 >(a + s:}d 3 : = ^[x]dx and = l'^{x)dx 

fUa fsa 

= 1 <l>{ci + x)dx= I (pix)dx, and so on. 

[ kx:}dx= jy{x)dx + jj>{x)dx + . . . + \'^^{x)dx 

f ^ 

= n / <p{x)dx, 

Jo 

6. the Its. of y, corresponding to -c and c fora, 

arp ^-rCi ^h-Ch , h-^^a h-a , 

are or a, and or 5, 

y ^{y)dx = jf 4 >[y)dy . 

7. f’^a^s inacfa , r (ir-a)sm(T-g)da f^ {ir-x)smxdx 
Ja 1-r coS"a jo Is- C0S'(7r — a) jo 1 + cos‘'^a 

by addition, = i = _ ![ tan-’(co^li’'= -if 

2jo l+cos'-a 2 2\ 4'ij "4. 

8. iyax-x=)iyers-i^dx= J%x-jf^^l-l\dx = u, say, 


into 2a -o;; 


= y (2aa? - a?-)^cos " ^ ~ - 1 j c^o;, changing x 

TT ^ 

«« = -/ {2ax-x^)^dx, by addition; if now 


a?=a{l+ sin 6^)5 


u=^ r^a^oos^0.cos ddQ 


= Tra*^ h coB^ddO . ’U: = 

i« 2 4.2 16 “• 

9. If - = A, the series = ft/l + . ^ 4- ^ j x 1 1 

^ J N/I-A2 ^/l-(2A)s - ;7r!^rf|ip/’ 

and .-. (Of. Art. 4) = the limit when A = 0, v the terms 

A, 2A..^Aa; fromOto{«-l)A or 1, and differ successively by ?i: .-.the 

required limit is sin “ ^x ■ = 
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10. Il- = h, the proposed fraction ^ 

and .*. multiplying numerator and denominator by h, the fraction in the 

limit, when 7i= 0, = f dx.xP^ f dx[l+x)P=~ O + a^l^ 

h io o P + ^ '0 


Ap + (2h)P + {3}i)P + ... + (2m/j)p' 


= 2P+l-r(2P+l-l) = 


l-(|)p+i‘ 


11. IfM 




and 7i=-, 
% 


log u = -{log 1 + log 2 + . , . + log - n log 
n 

= l|logUlog?+...+log’i| 
n\. n n n) 

= /i{log ^ + log 2/i 4- . . . + log nh}, 

in the limit logw= f dxlogx=:xlogx - I xdx.-^ 
Jo /o Jo X 

and, V the limit, of a: log a;, when a? = 0, is 0, 

] 

logwr- 1, and 

e 


12. I log(tan 


and by addition 


log tan- - xdx = r log cot xdx, 
2 Jo 

''ir 

^ log(tan X . cot x)dx = 0, 


V every term of the last integral series is zero. 
13. Integrating by parts, 


dnxlog&inxdx^-Qosxlogsmxr + \‘'dx . - 

U J. sin^; 


cosxlogainxr + dxl - — -sinrr 


= - cos a; log sin ay ^ + ^log tan ^ + cos a; j y ^ ; 

and when a: = *^, - cos a; log sin a: = 0, cos a; =0, and log tan ~= log tan ^ 
= log 1 = 0, /. the required integral (v cos a; = 1 when a;=:0) ultimately 
= (log sin X - log tan - 1 . 


= log2cos25/ -l = log2-l. 

2 /acssO 
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todhunter’s integral calculus. 


14. If P = 

logP = l{log/(a) +log/(a+|) + ... +log/(a+’^c)}: 

1 r 0 7 X dx 

... as in Art. 39, logP=t/ da:log/(»), V orA=— , 

C 

. /,« + C 

i/ <?a:Iog/(aJ 

Here /(k) must Le positive from 2 : = a to a: = a+c, for log/(a:) to be always 
real for sucb values of x, and/(a;) must also be finite by Art. 2. 

Also, if /(a:) be not constant, 

p<{y(a)+/{«+^)+-+/(“+V‘'))-? 

If a = 0, c = 1 and « = log/(x), and .'. f{x) =c“, it foUows that 

JVdx, 

unless « be constant from a:=0 to a:=l! when the two expressions are equal. 

15. lh91og(l+ncos^S) = Jy&log(l-i-nBm% by Art. 41 (3), 

= i f^tfelogll+n+w^cos^^sin^e) by addition, 
2 jo 

= lf^de{log(l+w)+log(l+»isin220)}, and 
2jo 

if 26 be replaced by 6, = ^"dfi{log(l +«) +log(l +nisin=ie)} 

=I log{l +n) + 5 f''^d51og(l + Uism-d ) ; 

4 *jo 

similarly jhs logd+Misin^S) = | log(l +%) +ijy6 log(l+n,sm"-e), 
and so on ; thus 

^“log(l +ncos^6)de = ^ log(l +») +pog(l + «i) 1®S(1 + ”- 2 ) + - 

+ ^j^-d^log(l+nr+isin^0) ; 

^ ’’hzz ?b__ < 1, 'and 60 on, < 7^1 

M"4(i+T) 4’ % 4{%+l) 4’ n 4’-+i 

-TT 

. the term J- f^deiog(l+?b+isin2|9) approximates to — ^19 .log(l). or 
’• 2^+Vo 



CHAPTER IV. 


25 


z&cOi as r increases. Hence 


log[l+ncos-0)d0 = ~ log{(l +?i)(l + %)^(1 + 5^2)^...}, 
Jo 4 

'when the number of terms is increased indefinitely. 


1 6. Integrating by parts, 


f cos axdx = ^ ,cosax+ / . a sin axdx + a constant 

c J c 


e^cos ax , 


+ . a sin aaj ~ I -^a-cos axdx + a constant, 


{ 7 t e^^cosuic , e^^asinacr , „ 

/ e^^cos axdx\l 4- ^ ^ ^ + a constant ; 


sin <f> cos (p 


■ sja^ + c^]i 


/ e^^^cos axdx = -r- . —(cos az cos <j> + sin ax sin ^)sja? + c‘^ + a constant 
J a-i-c- 

= l-°°s(«^-^)+a constant. 

(a 2 +c 2 )i 

Hence if ax -(p-ax\ the second integral with regard to x of 

fff^fe'^oos(ax~4>)_L .d\ 

J I /„2 


f ax' J /.^/s”'cos(«a:' - 


■> (a 2 +c 2 )i ' 


+ a constant [-{-Ax' 


— T XliC = e « -i H r ^ *r «( UUiiCljaiib r 

2 j_^ 2 \h 1 + J 


aP+c- ^ 


Thus, integrating n times successively, the result is 

e« =cos(aa;-n>) ^ + .. . + C^x + 0 . 

{a^+c ^)-2 


17. Comparing Art. 49 (iii.), x{i») = 1, 

^^:^ = £l^.i,loga = ^2I^ = 0 when a; = =o, 
X{x) ^ x 

and the limit is ‘ <1, and the series accordingly divergent. 



todhunter’s integral calculus. 


•2G 


IS. Here, by Art. 49 (iii.), 'v \j/{a:) = x 
xf{x)_ X f a+l 




and when a; = oo 


m 

= loga;+a + -, 

X X 

= and /. etc. 

^li{x) 


19. Here %{a;) in Art. 50 is 1 and 

^ g(g+a)(g+2a)...(g+m) 


Pa= It. of - ll when = go , 

lx(2; + l) J 

= lt. of cr(l±t^- l)=lt. of to) = 

lp + (a:+l)a J xa a 


when a) = OD , 


and the series is convergent if g-p > a, i.e., + and divergent if 

q be not > p + a. 

20. By Art. 50 the series is convergent or divergent as > 1 or not 
> 1 ; and here It. of x{ . ;v - ■= — rTTrz “ f r 

= It. of approximately -a- A, etc. 


21. Comparing Art. 4, JxMx is the limit of a series containing n terms, 
which may be written 

- (cli + 0-2^ + . . . + = A, 

n 

and similarly, the limits of the three integrals being the same, 

B = It, of + ai^C 2 + . . . + anCn) 

n 

and G = It. of -{c^ + Co^ + . . . + c^), 

% 

and .■. by the Algebraical Theorem quoted A G cannot be < P-. 
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1. Ifcrt^y, 
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If 


[x-a){x-l)[x-c) 


= 1 + 


(c4 4- 6 + c)x^ - [he + ca + ah )x + ctSc 
{x-a)(x-h)[x-c) 


x-o> x-b x-c 


then (a + 6 + c)x'^ - (he + ea + al)x + abc 

^A{x - h)(x - c) 4* B[x~c){x-a) 4- Q(x-a][x-h\ 

and putting x = a, 

A{a- h)(a - c) = a\a i-b + c)- a(bc ■i-ca+ ab) + abc = a\ 

A ^ Ci? 

(a~b)(a-cf 

and simEarly for B and C by symmetry : thus 
J (x-a}(x-b)(x-c) (a-h)[a-c) 


and 


f tan xdx _ f dx . sin x cos x 
j 1 4 - m^tan% J cos^x 4- m-sin-rc’ 

(cosmic 4- mhin^x) = 2 sin a; cos - 1 4- m-), 

dx 


h 


tan xdx 


1 


+ mHm^x 2 ( 771 ^- 1 ) 


Iog(cos-ic4-m%m2a;). 


4. = 

y 


' f -^a\^y y ^ f 


and 


=- i- f—^., ifr/» = z; 
7 iav 

the integral = - logfs 4- ( 1 4- 


7 ia' 

1 


iog-!(^) + 


V‘-©-) 


= ib 6 


5. / sec X sec 2xdx = / - — 

J j(l-sin-; 


cos xdx 


'a')(l " 2 sin^rr) 
=/cos«da;{r-^^-rA-,J 
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TODHttNTfiJl’S INTEGKA.L CALCULUS. 


: fcOS XClx[ 

J '-l~v2si 


sin X 1 + sin X 

2Vl-sina; ! + £ 


1 

=72 


r 

C 


6. dx 


tana-tan tj; 


tan a + tan x 


f ^ . o cos(a; + a)\ 

|cos2«-sm2a^g^^| 


" J sin(a:+a) J sin(a:+a) 

=- J cZaj^c 

‘ = sm 2 alogsiii(a:+ix) — * <5os 2a. 

1 _ 1 1 5- 

+ aV +0.^ " (*■■* {aP+ax + a^)[x^~ax+a-) 

Ax+B I Cx+D suppose, 

~ifi + ax+a^ a?-ax+a? 

l^{Ax+B)(3^-ax+aP') + lCx+D){x^ + ax+a^): 

.'. equatiixg coefficients of a? , x^, x, and 

A + C=0, -aA+B+aG+I> = 0, 
Aa^-Ba+Oa^+Da = 0, and l=.BaS + i?a=: 

^=-C=l(.B+i)) = ^s- and£ = D = 2^^,. 

r 1 -7 

■'• j a^+aV+a^ “ 2ay x^+ax + a? 2a^J x- 


‘Bh 


2 x-ra 


ax + 
2x-a 
X- - ax a 




_JL^ 

4a^ 


cc'^ + aas + a^ 

' ^x^-ax + a^ \/3 I 


g^yS \/3 
2 


gjS 

3 


g 


a 


iC “t " 

and tan-i— J+tan- 

a^ii a>s/S 

2 ■ 2 " 

. -i2a: + a , x„„-j2^a_4.„_-i 4aa:,73^ ^ 


and .*. etc. 
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S. liUhx^y, dx[-^,+h) = dy=-f^ 


{cb-'bx^)dx _ 


x{cx^ -{a- hx^Y^^ ^ {ca;2 -[a- Ix^f}^ 


-1 y 


J (c^-h4ab-f)i (cH4a5)i 
_,/ a + bx^ \ 

^x\^c^ + 4a5y 

9. If u- limit (when rt’ = co ) of / sin ~ . sin . . sin ■' 

in n n } 

log w = -/ log sin - + log sin . Jog sin 

°nl n n ® n J 

= 1 . -/logsin-+logsin—+...+Iogsin^?^^,7rl- 
TT nl n ^ n n J 

1 f'^ 72,-1 

= - / c^ajlogsina;, v -r = tt when 7i = oo , and /, by Art. 

Tjo n 

51, logw=^.7rlogi, or u=l. 

10 . If tan“^a?=^, a:-tan^, dx^&ecrSdd, and the limits of 6 are 0 and 

*, J x{id:a‘’'^x)hlx = 0 , 6\ ^ec-Odd = ^ tan - 6 - ^^dB . 6 . tan-^ 

= l^dd . B{seQ-6--l)=^~6{tmB~B)h + [ ^d&{tsiTi6~d) 
32 Jo 32 / 0 jo 


e^+v^-^dxdyih= / ./ dxdye^-^y-^^. 


=JJ dxdy{e-i^+y) - e^-i-y} 

= f cZa:/ie-(^+2') — e®+2/'l/‘^ 

jo 12 j / 2/==0 

Jo 12 2 J 

8 4 8 4 

— _ ?4,2a j_ ^ 

8' 
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12. Supposing (for simplicity only) the variables to be equi- crescent, 
i.e., in Art. 60 all the to be the same, say Aa:, and all the 7c’s the same, 
say Ay, as this will not alter the values of A, -5, or (7; then the limits of 
the integrations being the same in .the three integrals, A may be regarded 
as the limit of the series 

^x^y{a^ + -h . . . + ci^} 

+ hxLy{a'^ + a'l + . . . + a'^] + [n - 2) similar rows, 
and so on, as in Ex. 21 of Chap. IV., so that AG is never <B-, m and n 
being each the same quantity for B and 0 as well as for A. 


13. As in Art. 4 (comparing the previous example), (p{z)dz may be 
regarded as the limit*, when 7i=0, of Af^6(6)‘ + -f 0(b + 2A) + ... + (j){a-h)} 

which, , = 1, Then dz(p{z)cos cz is the limit of 

7j{0(6)cos ch + <p{b + h)cos c(b + h)-h + 7i,)cos c{a- h)} 
and ^ (p[z)Bm czdz is the limit of 

h{<p[b)%m ch + (p[b + h)sin c(6 + 7i) + . . . + 4>{a - h)sm c{a - h)}, 


dz^{z) 0 Q^cz] +( / d30(z)sinc2:) = limit of 


+ 0(6 + h)] 2 + . . . + 0(a"- h)]^ + 2(p{b + Th)^[b + 8h)co3 c{r - s)h +...}, 
which, V 0(2!) is always positive, <^-{0(5)+0(5 + 7i) + ... -i-0(a-7i)P, and 
.'. < 1 . 


14. If f <j>{z)dz be the limit when 4 = 0 and 9i = co , as in Art. 4, of 
7i{0(5) + 0(6 + /i) + . . , + 0(6 +7i~l]4)}, this series = 1 ; and 
z<p{z)ds = the It. of h{b<p{'b ] + (5 + h)<p{b + A) + . . . + (6 +n-l\h)<l>{b + ji-T|7i)} 

= b+ h^{it>[b +h)+2<p{b+2Ii) + ... + {7i-l)(j>{a-h)}; also 
J^z^^(z)dz=thelt. oi 

h(b-^^ib} + (5 + A)V(Z> + A) + (6 +2A)V(6 +2A) + ... + (& +5^^ A)>(a - A)} 
= A‘'4-2A^6{0(6+7i)-{-2^(6+2A) + 3^(6+3A) -i- ... +(W“ A)} 

+ A3{P. +7t) +2V(6 +2A) + ... + (n - l)^^(a ~ A)}, 

“257i"|0(6+7i)+2^(5-f 2A) + ... + (w — “7^)} 

+7t5{P. 0(6 + A) +2^^(6+2A) + .., + («- l)20{a-7i)} 

- 267i3{0(6 + A) + 20(5 + 27t) + . , . + (« - l)0(a - A)} 

- A'‘{0(5+ A) +20(6+27i) + ... + {«-l)0(a - A)P 
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9!>(&4-7i)4‘2^^(6+2A) + ... — l)^0(cfc'“ A)} 

- ¥{<p{jb + y^) + 20(6 + 2/0 + . . . + {^^ " 1 “• A)p; ^ . (1) 

mcl if the coefficient of in this be multiplied by 

7i|0(6 + 6,) + 0(6 +2/i)+ ... + 0(ix — 6<)} 

which ultimately = 1, the square terms cancel with those in the coefficient 
of ¥ in (1) and the general terms formed by products in the two series in 
(1) are respectively <l)[b+rh)<p{h + sh){r^-\-s^}, 

and 0(6 + rh)<p{h + sh){2rs), 

therefore, as 0(2) is always positive and cannot be always 0, 

j z^<p{z)dz > z(j){z)d'^ , 


CHAPTER VI. 


m+n 

1. Here 2/ = 62 ? suppose, 

2m 

l + ( 


3 = 


1 + c‘^x 


0 


J 


1 = 1 + c^xTi say, and { 

(of. Art. 15) p = l and g = 2 here, and the conditions for integrability are 
that 

n 

and (2) 




■ ^ or ^ + ~ should be integral. 
2 2m 2m 2 ^ 


2. By Art. 100, the equation to a tractory may be written 

a; + Vc‘-^- 'if- clog ^ 

C / y_ \c 

dy s,fc^-y^ (}+\/c“~2/^^ y 

= ?/ _c_ c~\/c^-y^ _ _ \/c-^ - 

c-\-s!c:^-y^ y y y y 

s=±j t7y|l+ ^ =±clogy + A. 

If, when a? = 0 and y = c, s = 0, then 0 =±c log c + A, and therefore the length 

of the arc from the cusp to the point (cr, $/) is ±clog2/+c logc=±clog^. 

Since ~ is negative for positive values of y, then for such values y dimin- 

dy 7 

ishes as x increases, /, is here negative, and the negative sign of the' 

(is 

radical in the integral is to be taken, and s = log--. Also, ■; y<c except 

0 7/ 

when x = 0j log- is positive. 
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is a property of the tractory that the length of the tangent 
intercepted by the asymptote is constant ; whence = c. 


3. The equation of the cissoid being y j — — - 

Gal. Chap. XXVI., Ex. 7), 


, (cf. Todhunter’s Diff. 


3 1 , 1 

^x^{2a-x]+^ 




(2a - ap 


' . f 1 , x[%a-xf _ ai^( 8a-3g) 

■’ {2a-xf {2a -xf’ 


s = a[dx , 


(8a - a 2a ~cc = z, 


(2a 

I=-Jdz{2a- 3s)-.z'^=-J' (fs(2a^-^+3)'^z'^ 

if 2az'^+3 = f^ and .". -az'^dz^fdt, 

-2t + JZ log ; thus the curve is rectifiable. 

i + \/3 

4. The curve is symmetrical as to both axes, and meets them in the 
points ojand(0, ±a); and if s be measured in the first quadrant 

from (^, 0 j, y and s increase together. Hence 

2x={a- + ZaUj^-4:y^}\ 

2^ = |a“ + 3aV“ - “ - 42/|, 

/dx\-_ 4(a2 + - 4y=)y^ + (a^ - 4:!ih^ 

\dy) " 


1 + 


iy^a^+da^y^-iy-} 

a^(4a%'^+4y^+a^) 


4 


4^l(a^ - 2/“ ){a^' + 4a%» + 4^“ ) 4yHaS - yi) 




dy . ct^‘ 


2y^(a^' -y^'^ 


- ; or, if y-az^, 

2 r = 6a = - 6aN/rXs2/ = 6a. 
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5. If a + 2 ^ = o sec^^, then x-y = a 

X = “(sec^e + tan^e), y =|(sec®e - tan®5), 

^ sec^fi (sec S tan 0 + Un^d) = sec=5 tan i?(sec 5 + tan &), 

^ ^ sec-5 tan 5(sec 6 - tan 6), 


[cidJ “vT'y 


sec^0 tan-^ . 2(sec-^ + tan-^), 


0 

s = ~ f dd{Qec~d + tan^^)^^ sec2^ tan 

\ j 0^ 

if and ^ correspond to the limits and x ; 

6 

:. * ~ ^ ^ de{sec-e + tan-5)^ . 1 ^^{s6e-5 -f tan®5) 

= Q-,„(sec^5 + tan=5)^/'^ 

-v^ /5i 


or if a^e^' = md /. ^^e<^dx-zdz, 

c 


?/= = 


jc J£- + C2 


o: / ^ 

- c tan “ = V - c- - c tan " ' 


7. As in Art, 104, if the parabola be ?/ = 2slax, 

^ k’ ^ = 2a tan ^f. sec^, 


and 

^ = oosec^, .■.g = 2asecV; 

and 

s = 2a J secV# = 2a sec2^(l + taii-0) ' 

or if tan 0 = s, 

s = 2a j' dz{l + 2 -) - = as:(l + s-) - + a log(z + 


= a tan (p sec ^ H- a log (tan ^ + sec 0) 


= “™^+alogi±«ll^, .-. etc. 

00^-156 COS ^ 

C 
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. r. ,A. dy_ 

8 . Here = 3W 

a:=-^ataaiV. and g = |»tair^sec=^, 


also 

and 


^ = cosec 0 , 
dx 


^=:?ataiici>sec"0, 

dd) 9 


S = la sec3<^ + c, and if s = 0 when 0 = 0, 

27 


^cH-<: = 0 , 

27 


s=^(3ec*0 - 1). 

27 


Clearly the curve is the evolute of a parabola. ^ 

9, The intrinsic equation to the parabola being ^^=2asecV(-p), . p 

increases with <p, the first figure of Art. 114 will apply, A being the vertex 
“"the axt of the parabola AP, and PQ the corresponding position of 

the evolute ; for which . . 

g/ - ^ = 2 a(secV - !)• 

\d(plo 


Also, if {K, y) be any point on the evolute, 

^-cos 0 ■ -- = cos 0 . 6 a seo “0 tan 0 , 

ds'~ d<p 

x = ^ajd4> sec -0 tan <j> = 3a sea^ + «> 


and 

or if, when (p = 0, 


X = 3ci sec2<j5> - a ; also = sin <p, 

^2/ - sin (^ . 6a sec"^ tan (;6, 

*• d(p 

y-^af i(p sec^<^ tan‘V = 2a taiv^0 + c', 

or if 1 / = 0 when 0 = 0 , c' = 0 , and .-. y = 2 a taiv' 0 . 

Thus, where the parabola and evolute meet 

4a=tan'=0 = sec-0 - 1) or tan'>0 = i tan-0 4- 

tan«0 - 

y. tan20(tan20 - 1 ) - 2 = 0 or tan-^0 = 2, 

._ secV = 3, and .s' = 2a{3N^i - 1 )■ 

10. The epicycloid is (cf. Todhunter’s Dif. Gal.) given here by 

a(a4j^) g g g _ cos 
a+26 a4-2o l> 


and 


y 


_a(a-hft),;„fl__«S sin^V 


a + 26 




a + 2-0 
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tan^i); 


aia + h) 

. ^ cb+'lb 


a + 26 h 


sin d 


dx dO dd a{a + b) . ci + h^ _ a(a + b) 

■'a +"26 “T Tf^ " 

a + 6 

cos 0 “COS ^"7 -y ^7 

= ^ L_=Un“-t2*fi 

sm“+^e)-sin9 2& 

b 

0 = also f*) =^(^+2-2 cos “4, 

^ 26 ’ W (a + 26)n 6 

f J " Y^V^974 ' . 2 sin ^ = c sin-^- , Scay ; .*. for the evolute 
d4 (a + 26p 26 cfc+26 

,4= ™ +^ =csm :, putting - + - for — ^ , 

dg> ft + 26 ""2 a + 26 tt + 26 

=c\ sin — and ;. the evolute is also an epicycloid. 
d<p a +21) • ^ 


11. Here -^^ = sin^i^"(^) + cosi9^'"((9)“Sin<9i//"(^)+cos i9f'(^) 

=:cose{m + r'{d)h 

and 6i)'\0) - sin Of "{6) - sin 6^\6) - cos d\I/"{$) 

'■ =-sm6{\l)'{d) + ‘^"'(6)}, 

and .*. .s = i36(^) + i/'"(^) + constant. 

12. Here. = 4:1-3 + ],2a-.T, 

dx 

2a4- = {4a“ + (*» + 3a=a:)+; 

dx 

hut + * 30 . 3 )-= ^.{i ^ ^ ^ 4^6 

= + 4aV + 2a^x'^ + Sa*^^ .j. „j, 4 ^^!) 

- {x- + 4ar)(o(A + 2a-X‘^ + a‘^), 

2fl,3,s' = j dx[x- + ctr] (a;3 + 4a3) or if x = 2fl tan (j> 

2w\'i = j icbH<j> . sec'V( 1 + 4 tan^^), 

4, = j dip secPp + ^ secV tan p-^j dp seu^p, 



3G todhttnter’s inte&ral calculus. 

and also -? = fd<i(i3ec^</>-3seo^^), eliminating I . sec^^, 

2a j 

4^=|=4seo»0tan^=g{^'+l}^ 

3 

s- ^(a;2 + 4:a2)“, measured up to the point (x, y]. 
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L The equation to the catenary being y-^{e^ + e c), and cci the abscissa 
corresponding to .9, 

A = j ydx- dx.^{e^-he - e 

2 n • c ^ 

= -(ec-e'c), and s = -(ec~e c), A-cs. 

2 " 

2. The curve is symmetrical as to both axes, and when y = 0, x = ±a, 

whole area = 4 j'Jydx = 4 [jdxb^l - p, or if a; = a simV, 

ri fl' 

the area = 4 / sin^^ cos 4>d(p . h cos^«^ = 12a5 / c^0(cos‘^0-cos^>(}!)) 
■ 0 

, x/;l.l S.S.lKf. ,, 1 3_3-Kah 

:i The area, bounded by y = 0, 

= f Jlog(a^^^ !og2. 

Jo a- + a:- a a 2 , o 4 2 ^ 

4. The coefficient of gives a; = 0 for the asymptote, the other two 
asymptotes being imaginary ; also, the curve is symmetrical as to the axis 
of a’, and, when y = 0, cr = 2a, and x cannot be greater for real values of y, 
nor can a; be negative. Hence 

the area = 2 f xdy = 2 f = 8a^ tan - / = 8a- . ^ = 47r({ 

Jo Jo 4a‘^+2/- 2a /o 2 

The above is simpler than integrating with respect to x. 


5. The coefficients of and if give for asymptotes 2 / = ±a, and two 
imaginary asymptotes, and the curve is symmetrical as to both axes, which 
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it meets only at the origin, and there are but two values of y for any value 
of a;, and those equal and opposite. Hence 

fa ay /® 

the area = 4 / dy . “ 4a\ a- --y- 1 

Jo, Va-'-r /o 


6. The curve is symmetrical as to the axes of x ; has only one real 
asymptote x-a; and when y-0, a; = 0 or -a, and?/ is real for all values 
of X from 0 to - a but not for larger negative values, nor for positive values 

> a. Hence the area of the loop is -2 j dx. x\J ^^12, because x is nega- 

J-a ^ a- X 


tive and y must be positive, 

J-a \iar-x^ 


\'d^ - X'^ 




and 


= 2a\^aP‘ -x^ + xsJa^-x^ f ct? sin " i - - 2a2sin " ^ / 

« ^l-a 

= 2 a 2 + a2(-|^=2a2^1-.Tj. Cf. Art. 136. 

Here from Ex. 6 the area = 2 f dx-^fi^-, 

Jo \'d-^ - 

= - 2a\fa^ - x^ - x\kj- - x^ + a^sin “ / 

al 0 

= 2a2 + a^^. 


8. The real asymptote is given by the coefficient of i/, i.e., x-2a; 
the curve is symmetrical as to ?/ = 0 ; a: is not > 2a and cannot be negative, 
and when 2 / = 0, a :=05 and for each value of x from 0 to 2a there are two 
real values of ?y, equal and opposite. Hence 

S. 1 2a 

the area =21 dx, -p~— : = ~ 4a;”\^2a “ x + 6 | dx\^2ax - a;- 
Jo sj2a-x jo Jo 

= 6 dxsfa^ -[x- aY - 3(x - a}\^2ax - x-j + 3a-sin 

9. For a given value of x if y be possible, y oc from x - s/a^ - x^ to 

;r 4- “ and the extreme possible values of x are obtained when these 

limits of y coincide, and therefore - x^ = 0, and x=±a. Thus the 

dx[x 4- - X- - a; 4- \^i- - £c^} = 2 dx\ ctr - a;- = 4 I dxfsJWJ^’ x? 

-a J - a J 0 

= 4 times the quadrant of a circle of radius a obviously, =7ra-. 
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10. These two parabolas meet where therefore 3: = 0 or 

4a-, and the included area will be seen from a figure to involve onlj^ positive 
values of the co-ordinates. Thus the 


area = 


f __ X- \ 4 1 Ji 

dx l 2 k ax ~ JT r = 


'4 . 4^ 

"•^“ 12 . 


■4aJ 

4=^ o 10 o 
-a\ 

12 :i 


;r^ 

ml. 


11 . The curve is symmetrical as to both axes, and when y = 0, 5 ;- = 0 or 


/. the area = 4 


Jo 




^ 4-7) rt ^ 4- 

=-f^ (ft" - a;2) 

0 U”' / Q «> 


12. The curve is symmetrical as to both axes; has no real asymptotes; 
a; must be between a and - a, and for each value of x between those limits 
there are only two real values of y, equal and opposite; and when y- 0, 
a;= 0 or ±a. Thus there are two equal loops and the area of either 



c + \/c^-7/- 


13. Here x = - \^c- - 4- c log and the Its. of y are 0 and c, 

‘+c3/logfiit-^^-c( dy.y{ -I| 

V I <, Jo y- yi 


TTC 

'T 


4 Jo I .N--- ... . J 


'■'•■+e2r‘L , 

4 JO \'(r - y- 


TC-^ , TT o irr-' 

' 4 T" 


14. The curve is symmetrical as to both axes ; has no real asymptotes; 
X must lie between a and - a, and for each value of x, y has but two values, 
equal and opposite ; and when jy = 0, a:- = 0 or a-. Thus the curve consists 
of two equal loops, and the area of each 

.2f *. fVf-, 

Jo V a:-+x- Jo \/a4-K* Jo \V-r‘^ 

= a=sm-4''VN/a*-l^r=^“-«^ = f (^-2). 

a"i 0 u 
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15. The curve is symmetrical as to 2 ^ = 0; x cannot be but may 
have any less value up to - oo ; for each of such values of x, y has two 
erpial and opposite values, and when 2 / = 0, i3: = 0 or so that there is a loop 

(t ^ 

from rr == 0 to a; = Hence the area of the loop is 


^ f^dx . hx\^f r - 2ax 
“'jo 4rr 


2a^ * 3a' 


a_ a 

■xia- - 2ax)'^ ^dx{a- - 2ax] 

lo oayo 


Oa*' 


i (a^-2ax} 
5a 


la 

j^__h .a^ 

0 " 30a^“§0‘ 


16. The curve is symmetrical as to both axes ; when a: = 0, = — , and 

when y = 0, x= ±a, and betvmen these values of y is finite, and there are 
two real values of y (equal, and opposite in sign) for each value of x. Thus 
there is a loop from x~-aio a. For values of x-> a\ y increases indefin- 
itely in magnitude with a:. Hence the area of the loop is 
^ CiHlx[o?-x^\ 

jo sli ~' 1 0 jo 

= 2\/2a-{log X + \^X’^ + a-} - 2\/2a:Va- -j- + \^2xsUc^ + 

+ sj2a^log{x -f s,'x- + a-}, 


I a ja _ _____ 

: log [ju H- \^xr + a*-^ }' - 2s/2x \^ + x^l + 2\^2 / dx\kir -i- x- 

v2 lo lo Jo 


from .T = 0 to a, = 3 v^2a’^log(l -f J2) - \/|a2N/2 = log(l + J2) - 


.2^. 

-'r 


17. The curve is symmetrical as to x = 0; when y = 0, x- = a^, and 
solving lor y, + ^-2) _ 2a{a- - x"-) =±{aP- x^ia^ - 2{a^ + a' 

= ±^{a? - 

.*, X must lie between -a and a, and for each value of x between these Its. 
there are two values of y ; and there are no real asymptotes, and the curve 
is therefore closed. Thus the area of the curve is 


0 rV.,/ 2a(a- - x^) + \^ { c(r ~ x-y^ _ 2a{a? - x^) - - x^)^ \ 

'l 2(a--fx*-) 2(aHcc-) / 

= 2s/2 f d x~ y- ~ - 1 ^, or if a' = a sin (p, 
jo a^x^ 


1 ^ r-d0cos^6 

the area = 2v2a- / , , . ■ „,} 
Jo l + sm-(5i> 


cos^<;6 _ 008^^0 co s^0 ~ 2 c osrp + 2 coB^p -“4 + 4 

1-f sin-0 2 -COS-0 2 -COS-0 ’ 


but 
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the area = 2 \ '2a“ | - 2 + ^ fy., . | 

=-|{-+2}2s5.-+8A>^’i*I^„T^ 


= - + 4s^2aV2 tan ' ^(tan (pj2) / 

.\ 2 ^ 

!^+Sa^^=:r«<4~ A). 

/5 -2 V ^^/ 


^ + tan^0 


D7ra" 


18. Keplacing - by the area contained between the curve 
= c sin a: log sin a; and 2 / =0 is ^aydx, y being taken positively and x be- 
tween the proper limits. Here as sin x cannot be > 1 , log sin x is negative, 
and therefore y negative ; and when a;=0, 2 / = 0 /"for ?/ = limit of c— ^1^15 


= -csina:j; when a;=|, y=clogl = 0 again, and when x = v, y = 0 again. 
Thus the above area = -a j^cdT . sin a: log sin a; = - 2ac^ 'dx sin x log sin x 


-2ctc(log2-l), by Ex. 13, Chap. IV. 


19. The area 


= ax. c{ =- 
Ja W/ ( 


/3’ 


[n-f 1 _ 


the area being bounded 


■(?^ + l)* 

by the axis of £r, as there is but one value of y for each value of cr, n being 
integral or a fraction in its lowest ternas with an odd denominator, for if n 

be a fraction which in its lowest terms has an even denominator there are 

X 

two values of y (equal and opposite) for each positive value of and the 

a 

area would then be doubled. For xy-o?^n^-\, and a = c, therefore the 

2 

area = the It. (when =— 1) of ~ 

- the It. (when rr = 0) of a- , — = a-^ . ~ — . 

= a-(log/3-loga). 


20. Solving for y, c?/ = - hx+ijy^x^— acx- + c)^, and the Its. of x are given 
when these values of y are equal, and therefore by {ac-b^)x^=c, say 
x^’iiXi) therefore 
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the area = f ^—[-bx+{c~(ac~ + bx+{c- ccj - '/ ■'] 

J c 

=f rWc - (ac - b^)x^}i = pcJx’lKf - a;^}^ 

cjo C Jo 

__ 4\^ac - _ TT 

C 4 - 6- 

2L This curve is the lemniscate, aud the area of either loop is 




dd .a?Q0^2d = ^ sin 2(9 =^. 

2 , 0 2 


22. lin he a positive integer, when ^ = 0, r = 0; when = r = a, 
.-and when t = 0 again ; thus there is a loop from 0 = 0 to ~ : and turn- 

TT 

ing the initial line round the pole through the angle the ecj^uation be- 
•comes '/’ = asinw^^ + ^^ = -ri sin thus there is another equal loop 
hounded by ^?=^ and —j both produced through the pole ; and so on. 

Thus the angular space 27r round the pole is divided into 2n equal parts, 
.and in each of the odd divisions counting from the initial line there is a 
loop, in the even divisions a loop produced backwards. Thus on the whole 
there are 2?^ or n loops according as the vacant even divisions from ^ = 0 to tt, 
are or are not filled up by the negative values of r from 6 -it to 27r. To 
test this, examining the case of the second division, the corresponding divi- 
.sion on the opposite side of the pole, is the /2 + f \th or (2 + ? 2 )th division, 

\ I 

.and there are therefore 2n loops if be even {when r is negatix^e), and 
there are only qi loops if 2 + w and therefore n be odd. 


Also the area of each loop=: 

^TT 

•or putting nd for 6, = I sin-&d0 sm^0d0 = — . 

Jo 91 471 

Hence the whole area is or ™ as n is even or odd. If 7i be a negative 

integer, considering negative values of 6, a similar result follows, the only 
■difference being that when w is odd the gaps in the first case become loops, 
and vice versa, Geoierally when n is odd, there are really 7i pairs of 
•coincident loops. 


V 

If 9^ = “ a fraction in its lowest terms, (1) if g = 2, ^ is odd, and there are 

'2n divisions in all, and p being odd, no two divisions are exactly oppo- 
:site, and therefore some of the loops overlap others ; (2) if q be not 2, the 
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number of divisions is fractional, and therefore again there is overlapping 
and the problem of determining the ai’ea would be very difficult and involve 
special interpretation. 


23. If the initial be turned round the pole through an angle - the 
equation becomes o'~a cosjzf =asin7i^, and the greatest value of r 

being a, the area between the circle ^■= a, and the loops - wa- - := — or 

Sttu- . 1 T7 OO - 4 

“ as n IS even or odd, by Ex. 22. 


77" 

24. From 0 = 0 to ±7' increases from 0 to XTT and then decreases to 
3 ^ ^ <%/ 3 ^ 

0, thns forming 2 equal loops ; from (9 = - to r is impossible, since cos 0 

3 TT 27r 

is then positive and sin 3(9 is negative ; from (9=- to — , r decreases from 

±00 to 0, For the remaining range of angular space, from ^ = 0 to - r is 

3 


impossible. Thus the area of a loop is 


/*%“ 7«sin3^ ro • a ^ • /d/i 

fr 

a- 


= ^{log cos e - cos 2^^} j 


25. Here r = a(cos 29 + sin 29) = . cos^29 - ^ j, and turning the initial 

line round the pole through the angle this becomes r = a^;2cos29, and 
therefore by the method of Ex. 22, as the area=: j~rf9 between the proper 
limits, the whole area = ^ - . (,,^/2)- = iraK 

26. Changing to polar co-ordinates the equation becomes ±r = a sin 29 
therefore r is limited in value, and from 9 = 0 to ±r cc from 0 to 0 again, 
thus there are two equal loops ; turning the initial line through the angle 

the equation becomes ±r=:asm(29 + 7r) = ~asin29, which gives the same 
results, and so on. Thns there must be four equal loops, and the area of 

'dB . ^ sm229 = ^ ['d0(l - cos 49) = 


16 /„ 8 • 
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27, Clianging to polar co-ordinates r-= 4a-co3-^ + and therefore 

r is limited in value, and for any particular value, as a of 6^, r has only two 
equal and opposite values, corresponding also to a + 7r, thus the curve is a 
• single closed curve, and it is symmetrical as to both axes. Hence 

/*?! 

the area = 4 I = 8 d6(a^cos^d + bhin-d) 

Jo 2 Jq 

=: 47r(|- + 1-] = 2ir[a- -i- 


28. If X = ar cos d and y = hr sin d, the equation becomes 


C”" o C“ • ti 

— , cos^S + ~ siiii 
a- b~ 


the area = 4 I — ^ — , as ui Ex. 27, 


= a&.27r(.,^ + 


4-(- 4/;V 2ab 




29. If .T and y he of the same sign, both x and y are finite, but they 
can be oo if of different signs ; and if x and y be both negative they are un- 
real, therefore for a loop they must be both positive, and the tangents at 
the origin are the axes. Hence, changing to polar co-ordinates. 


^ 3a sin 0 cos 9 

— - 

sin^^ -Hcos'^^’ 


and the area of the loop is 


j-'d9 9a‘sin~^ cu s-^ _ ^ r^d9 tan-9 sec-9 _ __ 3a- 1 / ' 

2 (sm'^9 -l-cos'^9)- 2 Jq (tair^^-f ij- *2 ’ tan^^ + l/o 


IT 


30. The curve is symmetrical as to the initial line ; from 0 = 0 to - , r 

TT TT ^ 

decreases from a to 0 ; from 0 = ^ to r oc from 0 to - oo ; from 
0 = ^ to -j, r oc from oo to 0 ; and from 9 =-~^ to tt, r oc from 0 to - a. 
Thus there is a loop from ^ to and its area is 


f^ds^: 

Jo cos -1 


cos^20 1 r-\.a-Qoa-9 , ^ 

cos-— 

2 


=a^ rd0-S2^=a,^ 

Jq 1 + COS0 Jo \ l-f-cos0 
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= a^j ^de |cos e - 1 + J sec^ll = ft^in + a^tan| 


of the radical, for each value of 8 there is 
> a and therefore > h cos d, 
o? 


31. With the positive sign 

cr 

but one positive value of since 

, , - 1 7 ^f .3 wlTpren = — ^ ^ — 4 - h cos 6^ and 

and the area is dd(ii 


n> = - 


a- 


''a^-b-cosH8 + 7r) 


+ & cos (g + t) = - ■ — . — 

- O^COS-i 


&COS^5 

Va-" - 5‘^cos-^ 




~~i sfiF^^ 

Comparing the values of rj and it will he seen that if the radical he con- 
sidered negative, the same curve is only obtained over again, as if the 
initial line had been turned through the angle ir. 


32. See Art. 145. 

33. (1) If a < 6, putting g -Hr for 0, r = a - 6 cosec g, which is negative, 
therefore corresponding to the direction 8, r measured positively above the 
initial line is either a+b cosec 8 or 6 cosec 8 - a, and accordingly the area 
between the limits B.^ corresponding to the two radii vectores (on the 

same branch) is 

I ^'^(icoseu g±a)2= - I d8{b^ooseo''8±'2ab coseo 8 H- a^) 

tan-- .j 

= -(cot gi - cot g. 2 )±<dilog — +-^ (g^ - gi)- 
2 ‘ tan U " 

(2) If a> 6 the above holds so long as sing <^, or, if a be the least 
value of sin-i^, so long as g <a or >ir-a ; but if g lie between these 
limits, for the upper branch r = a+b coseo 8 as before, but for the lower 
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branch, putting d-^-Tr for 6 , r = a - cosec which is positive and corre- 
sponds to a point on the loop below the pole. The integration will still be 
the same unless di<a and d^>a, and so on, i.e., unless one radius vector 
be drawn above the initial line and the other below, or both above the 
initial line but on opposite sides of r cos 0 = 0, in which cases some conven- 
tion would be required. Thus the limits of 6 might be taken as from d-^ to 

TT 

a, and from ctH-T to ^ 2 ? ^ - -f a to 6 ^, 

34. The equation to the ellipse being 

ahin'^d + b^cos^e = ( 1 ) 

the area- included between the curve and the radii vectores and cor- 
responding to the values di and do of 6 is 

1 « a?lr _ f\ld , ^ tan 6 

2 ]s^ ‘ a-sm^d + ^^cos*-'^ ~ ~ ^ ‘d, 

= tan d.^ - tan d^ 

This can be expressed in terms of and Vo from equation (1). 


35. The parabola y- = iax in polar co-ordinates is r sin-^ = 4a cos 9, and 


the area = 


do 

dd. 


IQa^co Q'd 

siii^d 


= 8a2 ^ 


^2 Q ,.,2 

dd Qot^d cosec^0 = - (cot '^02 - cot^^i). 


36. The part of the curve bounded by the asymptote is given by 6 = 0 
to IT, the area = I rdd{4a-sec-d - a‘-(sec d + tan ^)-} 

*uj 0 

= f dd {3 sec^ff —2 seed tan 0 + 1 - seo*^0} 

2jo ^ 


TT 

= a^rdd{2 


sec-0 -2 sec 6 tan 0-r 1) 


= /y 3 


. I -I- a-(2 tan 0 - 2 sec 0) / 


= 2a2 . It. of ' + 2a= 

2 cos 0 0 ^-^ 

_ra\ cose 
2 - sin d, 


6=1 


-f 2ci^ — - -i' 2 

Jir \2 , 


87. From 0 = 0 to |7r, r decreases from Sa to 0 ; and so from 0 = 0 to 
~ ; from 0 = |-7r to tt, r oc from 0 to - a, and so from - f tt to t. Thus 
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the curve consists of two closed curves meeting in the pole, and for any 
value of ^ for the first curve = 2a cos ^ 4- a, and in the same direction 

on the second curve, r,^ = 2cL cos 0-a, therefore measured in the same direc- 
tion ri> ; therefore it follows that the second curve lies within the first. 
Also the area of the inner loop is 

20 ? / . (2 cos ^ + 1)- = a- / \ie{2{\ + cos 2^) + 4 cos i9 + 1} 

}llT 2 

3 

= a? 

and the area of both loops is 
a-J d0{4 cos“& + 4 cos <9 + 1} = ^ = Sircr, 

therefore the area of the outer curve, which is the whole area bounded ex- 
ternaliy by the curve, = a'fi 27r 4- UKl 


/ 4- 

^3- + - 




SS, This is only a more general case of 37, where instead of 
the critical angle is a, where cos a = - Thus the area of the inner loop is 

+ cos 2^) + 2a'b cos 6 + (tt - a) - sin 2a ~ 2ah sin a ; 

and the area of both curves is 

J ’"c^(9{c6-cos-9 + 2ab cos 0 + h-} - + h-ir, 

and outer area is a^~- ^ “* 


39. If x', y' be current co-ordinates, and the area u be divided into 
strips parallel to the axis of x', 

= 1%' |\'a- + 2/'" - -y ]- = 'i Vci- + y'" + 1 + 2/'“} 




o^2H:Va:±r ande -- 

a ’ a 


I o ^.7 

eaVe“^=:HXIllti/-=2* ami = 

a a a 


etc. 
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40. The curve is symmetrical as to both axes, and any line d = a cuts 
it in two points equidistant from the pole, so that it is a single closed 
cixrve. Hence 


the area = 4 


2 * a^ + Iy^ (a-sin-0 + /?-cos-0)- ’ 


^'±3:=: rde(\- 

•* 2{a‘-b'^f Jo ^ (a-sin-^ + />"C0S-^)-J 

_ 7 r 2a-b- sin ^ cos ^ /^_ . cos 2$ 

3 (T - F a-sin'^^ + ^-cos-^/ o a- - //-jo a-sin-^ + &-cos-^ 

^ .T sin-0 + -T— — r, 

__T ^ 

” 2 - hvo ' (a- - 6-)sin-^ + 

4a“&’^ ] 2aV)“(a^+b'} n tZ^.sec-^ 

" 2 'i ^ (a‘^-Fp f ^ jo ‘Ftaii^^ +F 

T/a- + Ij-\- 2hHo- + 62) a . jO, tail 6 

= 2l^62j - (a=^--6^)^ — :„ 

x/a-'f-FV 2ft/;(a2 + F) x_x __ 7 ,v 2 

"2la'-7F/ 2 2(a^-6-y ^ ’’ 


J[ = x(a “ 5)^* 


41. Here the straight line joining the extremities of the arc is the part 
of the radius vector in the initial position produced to meet the next branch 
of the spiral. Thus the area in question 


I j and r is given in terms of d ])y the equation to 
^1 


the spiral. Hence when r - j > 


the area = 1 dO A , or if 0 denote the superior limit, 




2?i+l(V2x 




To avoid negative values of 6, w-hen r would be positive or negative as ni 
was even or odd, 6 must be taken > 2x. 
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4*2. If (pii 00 Uae angles, measured in the same sense, which the two 

1 

radii of curvature make with the axis, the area is ^ and in the 

*^01 

parabola sec*^0, 

t 0o 

sec'9i(l + tan.'^)" 

= 2a- ( ^(tan'Vo - tan50i) -f ?(tan30o - tan30i) + tan 02 - tan 0i| . 


43. In the cycloid s = 4a sin 0, 

n = = 4a cos 0, 

^ d<p 
1 r02 

and the area in question = / d^-p^, where 0i, 02 correspond to the two 

radii of curvature, = 8a- / d(p . cos-0 


= 4a-| c/0(l + cos20) 

ki 

=4r£‘^|(^o - .^i) + |(sin 20- - sin 29ii)|. 

44. It follows from the equation, xij = k^, that, corresponding to any 
value of X, there is one and but one value of y. 

The area between the values a;i and of x is (Art. 161) 




?+a?‘ , 1 2x _ \V' + .v‘ 1/' dz 
■ ^/,4+^4 - - -2F- ■' 2./ 


(if 3 = a5^), and .'. 


1 

-^■^2 




„f X?l + nV + x-t _'Jk*+ x.^ ' + ./ 1 

the area = 7r/c-- log--— - ■ _ — — I —-« ■ - 


45 Here 1=^ and the area is 

e' dy ' dy y 


2t ) y~- . dy = 25r I d!J\/c-+y'-‘, 

-'h * di/ ' Jh 
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where correspond to the limits of x supposed ; thus the area is 

■■■ U~ ■■■ ^ c- - ■ 4 /- 

taken between the proper limits. 

46. As a:=0 bisects the curve, by a complete revolution round a’-O, the 
two portions of the curve only produce the same surface, ,and this 

da, and 

h dx 2 ' dx c 


^ /ar2 f^2 * 

and the area = 27r/ dx.~{e^-e Trcx{e^ - e -ire dx(e^-e~^) 
>1 2 /r^ Jx^ 


XX XX 


=TCx[e '^— c ®) - wc-(e® + e ‘^) taken between proper limits, 

47 . With the eqn ation a-y‘ + b^x- = a-h% 

dx ahj ds 1 a r-rT-r , — n 

^ = - 6 V - »-i-r = fc 5 ^V«-e- 2 /-+ /A 

and the whole surface is 




c&^e /T 7 T? 


= 2x^f{2/V'^^+^,Iog(.y + V^^)}' 

mL /— i;? 


: 2ra-e J - + log 


;^h^V^i+A.+;g,iog- 


^/(l-e=) 


48. Here (cf. Todhunter’s Diff, CaL, Art. 358) x = a{l"COS^), also 

a 

6 = ia sin the whole surface in question 

= 2 I'^^Tvx , ^ . d6> = 4 : 7 ra^ /*’"(! ■> cos 6)2 cos tdO = IGwa- /* dd siir^ cos ^ 


r -I of> 

327 ra" sin-6> cos 6 = ~7ra^, 
jo d 
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49. Here the surface - 2 2Tr[2a - x)^ . d6 = 4:7ra~ / cZ/9(l + cos d]2 cos ^ 
Jo do Jo o 


= Idira^J dd . = B27ra^j dd . cos®^ 

oo 0 2 64 o 

= 32 Ta- . = - -TTa-^. 

0*1 O 


50. Here the surface is, since y = a{di’ sin 6], 
j 27r2/^? *d6 = J 27ra{d 4- sin d) . 2a cos ^dd 


= 47rC6- / ddi 6 cos ~ 4- 2 sin - cos^- 
jo V 2 2 2, 


= Sira^ / {:^^(2^ cos ^ 4- 2 sin 0 cos^^). 


and J S cos ^ sin ^ 4- cos d, 

the surface is 26 sin 0 4- 2 cos ^ ? cos^^ I, 

V. 3 J/ 0 

= 8ra2/T-2+il =87ra45r-f 


51. The equation to the tractory being (Art. 100) 

xi-\Jc--y'^ = c as in Ex. 2, Chap. VI. 

y 

and the whole surface is 

dy y 

2 f 2Ty , . dy - 47rc I dy~ 47rc-. 

Jc dy Jo 

52. If the equations of the sphere and one of the cylinders be 

a:^4-2/^4-2^ = a^ and as in Art 170 the surface of the sphere in- 

cluded within the cylinder is 2//dxdysecy, taken between the proper 
limits for aj and y, which are determined by the equation x^+y^i^ax, so 
that the limits of y are -s! ax- and sjax-x- (say y^, y.,), and those of x 
are 0 and a ; also sec 7 on the sphere = a 4-2;, therefore the above surface 

^2\fdxdy. = 4a ["dx . sin-^ 

J^J^i Na^-x-^-y- Jo \JaF^^L 


▼ a 




X az"^ 

~z ^ ^ 

■\-X 1-2^ 
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dx „ a ] 


d% (1 I 


,^]2zil-z^)+2zH = 


/* / X _ f'2azdzsm~h_asin~^z_ f 

jaxsm V a + a;“J (1-s-^ 1 - J] 


2az 
adz 


and 




a sin "^2 az 


the above surface = 4a 


1-2^ 

-,-r 


as above, 


| the Its, corresponding to 0 

K i-3- 


and a for x. 


4a2.^ 

= — P-i-4a3=:27ra2~4a2; 


the surface not included within the two cylinders 
= 47ra^ - 2(27ra‘-^ - 4a‘^) = Sa^. 

53. Here y-a bisects the curve, and the extreme value of x, i.e., ae, 
gives 2 / = a(l±loge) = 2a or 0, therefore the curve meets but is not cut by 
the axis of x from x = a to ae. Hence (cf. Art. 167) 

the surface = 2Ta times the length of the curve between the given Its. . 


and 


and 


dx 


c^,s‘ \/a^ + a:^ 


“cc* ** dx 


’-I 




for each half of the curve; 


and putting tr = a tan 0, dx = a sec^0c?0, 


and 


*=/ 


sec0_ 


Ja. cos^ 0 sin 0 


02 

asQo^^dcb, , , , . 

0 ^ tan 0 003-0 sin 0 

^02 
I Cl 

■'01 


j^i ^ Vcos -0 sm 0 / I cos 0 2 i 

also sec 0 = + d^, 

UI 

tan-^ = (sec 0 - 1 ) -r (sec 0 + 1 ) = {iJx^ + d - af -r x‘i 
[x and tan 0 being positive) 


j*p2 


f 1 /~Ti 77 , 1 va- + rr- - a^ 

i = a-{ -Va:- + a- + log ^ > 

la X J a 

= a{^/iT?-^/2}+alog{^!^i±^l . 

f , r {l+e')-l - - - 
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s/2}+alog-^^ 


\/l +6'^+ 1 


and the surface is 4 Ta times this quantity. 


, x'x y'y . 

54 . Comparing lx' + tny' + n^J = p with + ^2 ^ 


_ chi c^cos7 


and d 8 = dxdy sec 7, 

/f = / J J = 


1 + 


<^2/, 


f). 


and here 


d'^ 


X dz c- 




and 


az__c- y . 414 -^ 1 +^ I 

•• 6^J’ 

.2 «/2 ^2 i 




and the limits of a: and w are determined by the ocination ^+^5= 1, v for 
a given value of x the extreme Its. of y are 1 ~ thence the ex- 

treme Its. of x are (given by equating those of y) x = ±a. Thus the whole 

. , ,dS. 
integral — is 

r X- a- 


Jo 


or if ^ = x' and 
a 0 


f!“=8.te 

J p 


6- c- J 


JoJosji - x'^-y'‘ 
or, dropping the dashes, 


ri {Ir-c^ly n 3 r> t-a;- . 

= I Sal)cdx 1 - £C- - r + sm 


1-a;- . 


v'r 


■x^ 




4 


I 6V 4 2 a-&- 


v/l - a:^ 

1 
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CHAPTER VIII. 


1. The volume = /* iryHx = i%dx . 

jo jo X- 4a 


r3(Xi flryt 

= 7ra / --{a;(a; - 4a) + a(cc - 4a) + 4a^} 

jo a; -4a 


: + ots; + 4a- log(4a - a;) V* = Tra'^ | ~ + 3 + 4 log ^ j- 


?|l5-81og4| = ^'|l5-161og2|. 


2. With the notation of Todhunter’s Differential Calculus^ Art. 358, 
the volume is 

2 . dd = 2ira'' fdffil - cos e)=(l + cos d) 

JQ dd jo 

= 27ra^ J - 2 cos ^ + cos^^ + cos ^ - 2 cos-0 + cos^0} 

= 27ra^ f - cos’^0} = 47ra^ sm-0 = 7r-a®. 

j 0 Jo 


3. Here the volume = 2 7r(2a - x}-^ . dd = 27ra*'^ / c^0{l + cos df 

jo a0 ^ jo 

= 27ra3 J cZ0(l + 3 cos-0), 

the other terms vanishing between the limits, 

= 27ra^|7r + 6 . ^ . i j- = 57r“a3. 

4. The asymptote is a? = 2a, therefore the volume in question is 

roi 

I dy . 7r(2a - xf, as x znust lie between 0 and 2a ; and corresponding to 


the limits 0 and x of y those of x are 0 and 2a; also, y; 




fore if a: = 2a sin^^, y = 2a and the limits of 6 are 0 and g, and 


t = 2af3sm=e + !“4f' 

dd \ cos“0, 


Thus the volume is 
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rj dS. 2a^3 sin^S 


!0+£5!!V(2ffl)W5 

COS-0/ 


/•? 

= 167rc&3 J d&{3 sin-0 cos^0 + sin^0 cos-0} 

= IQwa^ jd6{3 cos^0 - 3 eos®5 + sin'*0 - sin®5} 
a 2„3/3.3 3.6.3, 3.1 5.3.1\ 

= 8^-a3|^-2-_2+4r2“0:2/ 

= 8rV{|-g} = 2xV. 

5. The asymptote is x-0, and must lie between 0 and oo, and 
therefore the volume in question is 


2 / TX‘ 


JO (r 


dy(Sa«)- . 

(2/2+4a2)2’ 


or if y = 2ataa the limits of (p are 0 and the volume is 

2^ n {Ba^f.2aseo^pdp ^ ^ Z ^ 4^2„8 

Jo i6a%eoV Jo ^ 4 

6, The limits of y are ±h, and therefore the volume is 

2 [ TTX^dy = 27r f ^ ^ f - 4:y%^ + 5®} 

JQ Jo a^Jo ^ 

_25V/1_4 ,6 4 , _27r0V35-18O + 378-42O + 315\ 

19 7 5 3 / \ 315 ~ ) 

315' 

7. If the sphere be x~-\-if-{-z^-a^, the volume of the frustum from 
a: = nq to 33 = 3:2 Is 

f - x^)dx - Tra\x.^ - a;i) ~ ^{x6^ - x^), 

J^i " 3 " 

and here 3 : 2 - A; r^ = aP-x^, 

the volume = ^{3a2 - (xi + x^x^ + 

o 
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8. The volume of the frustum from jr = % to cc 2 is 

f T^-dx- f T(2mx-hnx-)dx = 'jrm{x^- 
Jxi >1 " 3 ■ 

If then = Q,ii^lP = 2mxi-\-nx^, md c^=^2mx2-{-nxii 

the volume = Trli^i[x 2 + Xy) + + x^Xi 4- x^) j- 

= + 6=) - pi+xi ~ 2x.^,)] = ^‘{(c= +6=) - |A2]-. 

Also + 

= ^ +lixH^i+ = — 2 - - 

/. the volume = irA I -g/i®j-=5r^.|r2+?A^— ^A^j- = T7i|r24-~j-. 

For a cone, m must vanish, and oi = tan^a, where 2a is the vertical angle 
of the cone. Accordingly the frustum of the cone is given either by 

h“ + c” — ^ tama^ or by Tr/ifr- + ^ tan^aY If 6 = 0, c-h tan a, and the 


volume is 

o 

For a spheroid 7i is negative, and for the whole volume 6 = 0 = c, and 
therefore the whole volume is ^ ; thus if the generating ellipse be 

a-y+p-x-=2mx, the volume i8 ^ 

9. If the cojie be generated by the revolution, round the axis of of 
y ~ the sphere of radius r is generated by the revolution of (ir~c)^+^^=r- 

/ 7r\ 

(where r = c sin- j , i. e. , of (a: 2r)- + y- = Hence the volume required 


= / 2Tydijdx = 2Tr dy{2ry-ysJf^-y^-y"JS} 

•0 -^0 

10. If the vertex of the paraboloid (of revolution) be at the origin, its 
axis, the axis of cr, and latus rectum = 2a, its equation is i/-i-z^^2ax; and 
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if the cylinder touch the axis of y its equation is s-- 2 a 2 : = 0 , and it is 
supposed to extend from x=0 to x = The whole volume of the cylinder 
is then 2 a. 7 ra“ = 2 rf : for the volume (F) hounded hy the cylinder, the 
paraboloid and the plane x=0, for given possible values oiy and z, the ele- 
ment of volume is a small prism on the base AzAy extending from the plane 

of yz to the paraboloid, therefore x cc from 0 to 9 ^ i for a given pos- 
sible value of 2 , y is limited by the cylinder, i.e., the limits of y are 
-\l2az - and J2az - and lastly s can a from 0 to 2a ; therefore 



V’ / cos-^(l + sin 6 + l + sin^)^) 

O Jr 


Ml 
■ 3 i 


'dS[2 cos-^ + 3 cos^fi sin d + aosrd - cos^S) 



'de{3 co&^$ - cos^d) - 

.S=?TO^and V:2M-V::3:5. 
8 4 


11. If the generating parabola be 2 /-= fe, and the axis = a, the radius of 
the base and the volume ( Fi) between the paroboloid and cone is 


and 


the volume F 2 of the sphere =^ 7 r(^-j ; Vi : ::l: a. 


12 . If for X, y, z there be written ax, hy, cz, the volume (F) is 
ahcfffdzdxdy, subject to a; 2 + 2 /"+ 2 :^ = 1 ; or F = fdz, A where A is the area 
of x^+y^ = l-z^ (s being constant), therefore ^ = 7 r(l and the extreme 
values of s are given when A = 0 , which leads to the two, viz., s = ± 1 ; thus 

F = ahc I 7rdz{l — z^) = 2abcr ( s - ^ - ^ 

J-i 5 Jo 5 

13. Eor real values x, y, z are all positive, or else one of them is posi- 
tive and the other two are negative, and by changing the signs of these 
negative co-ordinates the form of the equation is unaltered, and therefore 
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the surface is composed of four equal portions, whicR meet only at the 
origin. Changing to polar co-ordinates, where z = r cob $, a: = r sin ^ cos 
and y = r sin 6 sin cp, the equation to the surface is 

= 27 a^cos 6 sin-^ cos 0 sin 9!), (1 ) 

so that r is limited in value, and for given (permissible) values of 6 and 0, 
r has but one real value ; and therefore the surface is composed of four 
equal single closed surfaces meeting at ( 0 , 0, 0 ). The limits of 6 and ^ are 


therefore obtained by putting r = 0 in (1), and are therefore 0 and - for 
each. Hence the volume required is ' 


4 1 j 9a=^cos 6 sin 4> cos cpdOdcp = ISa^ / '‘dd cos 6 sin^^ sin^^ 


2 /O 2 

AliUr : for the limits of d, (f>, when a;, y, s are small the equation to the 
surface approximates to xyz = % and therefore the co-ordinate planes touch 
it, etc. 


14 . The curve is symmetrical as to both axes and the tangents at the 
origin are given by %2 = 0, therefore (0, 0) is a conjugate point. 
Since the asymptotes are imaginary, the curve is closed, and any straight 
line y = mx meets it where cc = 0 or x\l-\-ni^f^o?-\-hV, i.e., in only two 
points besides ( 0 , 0), Hence the curve is a single closed curve around 
(0, 0), and solving for from the equation 

2/4 _ - o?x- = 0 , 

^ 2ir2+{(62 - 2a;2)2 -4(0:4 - aV)}i, 

therefore for real values of y, so long as o:^ is not > the upper sign of the 
radical must be taken ; and if o:> a, the extreme values of x are given by 
equating the two values of 2?/-, which gives ^ imagin- 

ary values of x, therefore the limits of x are ±a. Thus the required 
volume is 
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: irab^ - '^ird- 


When a-h, the curve becomes the circle = and therefore the 


volume is also the above result becomes 
3 


6 


los) 


V6Hthe ] 


==1 b J 


2sla?-b 

z=~ 7 rb^+ ^ + vanishing terms (expanding the 

6 2ja;^-b^ ^ 

= ^irh^ +—= firh^ as before. 

6 2 3 


15. The volume required -firu^dy taken between proper limits, and, as 
in Ex'. U, 2!^ = - 2i/=±{(a^ - 2f^f - 4(2/* - IPf)}K 

and for real values of x, so long as y“ is not > i", tlie upper sign of the 
radical must be taken ; and if y > 6, the extreme values of y are given by 
equating the two values of 22 :^, which gives a* = 4(0.^- and then 
„ a* a\d?-2V>) 

these values of x^ are real or imaginary as a? is > or < 2h\ Thus the 
required volume (1), if < 25*, is 

/•5 

TT I 


ttJ^ “ 4(a^ - b^)y^} 

e) - r2b^a^-l}^ 

= 7ra%-%Th^‘r — r/' dzs/a^-z 

^ 2(a^ - b^r'^ ® 


/aj-/ 


'ff TrtT * •> r...... .i- . .1 • _i2&\^ ft"* — 

A f Oov « - '/'i r - <!• I ■ -'(*sin n-- — 1 ; 

I,2-i3l ■ «■“ J 


= Tra^b - ~ — _ 

3 4=sja?-U 

also as s a: from 0 to 2bJaP-b% sin-’-^^ will only pass through th e value 
for some value of s a» if c < 6, and therefore if 

which is impossible, .-. oosfsin-i-a] is , positive throughout, therefore, if 
2av/a^ - V- _ gjj^ 2 g^ 1-2 sin-(9 is positive and = — therefore 




1/, 

a? r 


and d - sin 


sm A . 


; and the volume required is 


fcot ^ 
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3 2 2^la?-P a 

When a = h tins becomes ira^ . ^ + ~ = -ire?, 

6 2 3 

But (2) if > 25^ the volume may be divided into two parts Fi, F 2 , 
where F^ is the same as before on changing the sign of 262 - 0 ?^ so that 


sin^^: 


62 


irb f 


and F, = - f + ^(^2 - 262) + 




, Sin" 

a- 


and 


a-' 

Av'piTe 

j=25rj dy{x}~cc.i), 


where correspond to the upper and lower signs of the radical in the 
equation for 2a;2, 



F2=2irjfj dy{a*-i{a--i^)y^f 


F, + F- = Ta^b -%rb^ - ^ (a=* - 262) _ 

3 2 2Va2-62 


sin-i^+ ™' 


^ 2 \^a 2 — 62 2 


: ^7r6^ + ^7ra26 + 

O Ji 


2\/a2~62 Cl 


which is the same as when 262 > jg explained by the fact that the 

volume might have been integrated with regard to x, by transformation, 
the limits being ^then the same in both cases. The transformed integral 
■; J wxHy -J j ^TTxdxdy^ is 47r j xydz, and the value of y would have to 
be substituted, which does not involve any ambiguity, so that the second 
part might have been assumed. 

16. The curve is the lemniscate, and solving for if, the volume 

pCL ^jjm y , ,, ... 

= 2 j dx, 2 { " (c^" + 

= - 7r(^a^ 27^a^y2 j dx\J a;2 +~ 


=-|7ra2 + 
o 


a'3 


+ 1+1 log (^+ 
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f 


2^2 8 


" ^{72 ^ " |}- 


TVW 

'T ‘ Vt 


17. If the paraboloid be mx, and the sphere be (:i; ~ c)2 + 2^^ = and 

if they meet where x = Xi and x=:x.,, the volume included between them is 
."Sr^ r^2 

I Tyhlx = Trj dx{^'^-x-c\^-mx}-, 
also 0:3 - it'i = li, and a'l, a’o are given by the equation 

[x-cf-\-mx = T-\ (1) 

thus the volume = 7r|^(r^ - + (2c - ^ " 3 

= TT . A 1^2 - c2 + -m)- ^^(xi + X2OC1 + 

= TT . /i{r2 - c2 + -M2 c - OJlT- - i-A2 ~ (c2 - T^)} 

= TT . A{2(?^ - c^) + ^‘(2c “ m)^ - 
but /i2=(2c-w2)2-4(c2^r2), 


the volume = t . 


H 


h\h^\ x/i3 


18. The surface passes through the origin, and for a given value of x 

the section is an ellipse, if h, c be of the same sign. Thus the volume re- 
quired = j dx , iTsJ be ^2x = 2'rrsJ be . q- — be. 

19. The ellipse being (referred to this tangent and the minor axis as 
axes) a\y + hf + ¥x^ = ox y--h ±-V ctr - x\ taking the upper quadrant 
and X as positive, the volume required 

rGi r A 2 

= / . TT |- ?; + - x^^j ” “ 2a V a- - x^} 

= '^^{ 20 ? - ?- - 2a . -aA = 1^(10 - 3x). 

{. 3 4 J 6 

20. Keferring to the Fig. on p. 177 of Todhunter’s Integral Calculus, if 
P, Q be adjacent points within the circle {^ + y^=ax, :s = 0}, the integration 
with regard to z in fjfdxdydz, is the summation of all the rectangular 
parallelepipeds such as 5^ from the plane s = 0, to the corresponding point 
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(for tlie same values oi x and y) of the paraboloid x^-]r-y^~cz, so that the 

limits of 2; are 0 and : secondly, the integration witli respect to y, is 

c 

the summation of all such columns as 2 

pqQF, as F and Q move along ILl' and 
viMm', from one side of the circle 
OlmAm'l'f to the other side, so that the 

limits of y are the values of y in the J X 

equation DF^-^y^-ax, Lastly, the in- 

tegration with respect to x is the sum- y/ if^n 

mation of the slices IpVm'qm, as L is 

moved from 0 to A, so that the limits ^ 

of X are 0 and a. Thus the required volume is 




dx^-sj ax ~ - x- 


or if = +sin 6 )^ 

e 

the volume = " 


'-cos^d^-^ 


L + sin 0)^cos ^+1 


I” ’ 2I / 




• 6+2 GO&^O sin 6 + cos-^( 1 - cos^^) + - 


ddf2 cos-^-? cos^^l 
► I 3 J 


_7ra^/l_l 3 

'4r\2 3*8 


21. If straight lines he drawn from 0 (supposed within S) to all points 
in the boundary of dS, these straight lines enclose a thin cone of height 
rcos0, and base ultimately dS, and the volume of this cone is therefore 
Ir cos ^dS, and summing all such elenaeiits as dS of the surface Sy the 
volume contained by > 5 ^ = cos (f>dSy taken over the whole surface. In the 

ellipsoid ^ 4 -fT>+^ = lj if the tangent plane at F be lx + 7 ny+nz = py then 

1 qP <y2 

p = rcos(l>, and if P be [x, y, z), ™ = _+-/ +::l, and if dS-dxdysccjy 


sec-7 = 1 + 


lime of the ellipsoid = 


: /. pdS = ^- dxdy, and the vol- 


extended over the surface 


a- 

dxdy 

o/Q ^ a- 6- 
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’■i:' 




Here, in integrating with respect to y, the elementary cones are summed 
which correspond to a zone of surface between the planes x'-x and 
and the integration with respect to x sums all such elementary 
conical volumes. 


22, For a given value of iu, the JJdydz extended over the volume of 

^ = 1, contained between x' = x and x' = x+ dx^ is dx . irhcll - 
a? c- ^ 


j j J xHxdydz here =27r5c^ dx(^x^-^ = 27ra^5cQ-i^ = 


m z.2 

dxdydz, the limits of z are 0 and the 

_ „ 1 

value of z from the equation to the surface, therefore 
=: 0 and % = {Ao!^ + Bxy + Ci/- F )^ ; 

and for a given value of x, yn y^ are the values of y when ^1=%, therefore 
2/1, y .2 are the roots of 

Ax-+Bxy-\-Cy^ = F, 

and Xi, Xo are the values of x when 2/i = 2/2> a,nd are therefore given by 
BV=iC(A:^-F), or 


m '^2 

dxdydz^ Co are the roots of 

* - i 

ax^ + + cz^ + co'y^ + S'zar + c'xy = 1 , 
and 2/i, are the values of y when z^ = Z 2 , and are therefore given by 

[a'y + h'xf = ^ciax^^ + by- + c'xy - 1), or 
y\oJ^ - 45c) + 2yx(a/h' - 2cc') + x-{h''^ - 4ca) + 4c = 0 ; 
and so x^, ^2 given when y-^ = 7/3, and therefore by 

{a'b' - 2cc'fx^ = (a'2 ~ ^hc){x\b'^- - 4ca) + 4c}, 
or 4a;^(cV^ 4- he . + caa'^ - a'b’c'. c - daSc^) = 4c(a'^ - 46c), 

or x^ax'’^ + 66'2 + cc'^ - a'b'c' - 4a6c) = a''^ - 46c. 


25. The trace of the cone -on the plane y-0 shows that with the nega- 
tive sign of the radical the cone extends from the vertex (0, 0, a) towards 

dxdydz, then 2:1= x, a - v x^ 4 y'^^ 
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for = or ’i/ = a^-2ax; and % = 0 and is given by 

r%r^'2 

=: 2/2 oi' ^ Hence the volume is jj^ dxdy[a -x- \Jx^ + y-) 

. y p3 aj2 ^ p2. 

= Jdxj^ (a - x)(y 2 - 2/i) - log(y + | 

= f^dx ■[2(a- x)s/ a?- 2ax -sf a^- 2ax{a log . 

Jo L 2 a-x-s!a^-2ax^ 


If 3 : 


this becomes 

2 


sin 6 cos + cos^^)^ cos ^ - 1- sin'^^log j- 

TT 

z=?L fdO / sin ^ cos^^ + sin 0 cos^$ - sin ^0 cos 0 log \ 

2 Jo I sin6> j 


=:-Yl4 

2V3 6, 


c(^sin®^ T ^ I -hcos 0h 



s m0 \ 
1 +COS 0/ 


4 (i^ [ 

= jg<^^-"]L9j + 1 -cc 

"15 12 ‘ 5.3 15 \ 6/ 90 ’ 


26. If the volume be 


'^'2 /'^^2 /’’"2 


dxdydz, % = - (mcc^ + ny^), So = C3ta; + 6?/ ; 


y ,2 are the roots of Si = %, i.e., of mx'-^ny- = c{axi-hy) ; and x., are given 
by yi=yo, he., h-c^ - in[mx- - cnx). 

'ii'm=n = a='b=\, = -„=a:+j,, ^^+^ 2 = c, and tlie 

c 

r^2 r?/2 1 

volume = 1 I zdxdij[cx-\-cy’-x--‘y-) 

J""iJ-h c 

1 r*i>r2/2 


C /a*. 


V?/i 


5a;d2/( - 2/^ - i/iJ/o + yj/i + 2 / 2 ) 


= - yi)0h " yi) - ( 2 / - 2 /i) 1 = ' ’ 

.•. the volume = — f Sx-f— - faj--) 1^, or if a;-^ = -^ sin0, 

3o>i i.2 \ 2/ J 2^/2 
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the volume = ^ [ cos Sdd . ^ . cos% where 6^, 8^ may he shown to 
3 W-' 

he -- and since the eqtnation for is ^ = '> iii«s 

,, , 2c® TT 3_tc^ 

the volume = • 9 ' § ” “s”' 


27. If the centre describe the circle 2;-0}, and the fixed 

plane he that of i/s, the volume of the cavity = Jjx . S, where, correspond- 

ing to a given value of a: between the limits, 8 is the extreme area contained 
by the circle in the two positions corresponding to y and -y, where 

x--^y- = (?. Thus 8=2^ l“y-dx^j) si^i^e the common chord of these 

two circles is {y'=0, x'^x}, therefore 

S=tcH \r - .r- - ve- -1 ^xs/c'^-x^ 2c2sin 

= «2+23/a--i-2c%in-i^, 

the volume = 2 f da;|7rc"+2a;\/c^-a:^ + 2c%in‘^ j- 

Jo ^ 

s4 /c /*« .X 

= 27rc^- / +40^ dxco^'^- 
O 0 JO ^ 

4 nX dx ,x 

= 2«"-|-5C’-b4A'C0S-“-/ +4:C- -r==zs 
3 c/o JosJe^-’Xr- 

= 2 it <? + h* “ 4c\^(;“ - ifT ^ = ^(3?r -f 2 -l- 6) = -s' (Sir -l- 8). 

3 /o ^ ^ 


\ 


28. aV = a."(c2-s2), therefore for the limits of s in f/fdxckdy, z=±c, 
therefore the volume is 

4 ITdxdz . [“dx .| . «= = 

JJt, “ A ® ^ 


29. If the base of the cone he on the plane of xy, its ax is along the axis 
of s, and the altitude = 2a, its eq.uation is 2a~z=%J<xP+y\ or, in cylindri- 
cal ’co-ordinates, a = 2(a-?-), for the finite cone in question: also, if the 
cylinder touch the axis of y, its equation in cylindrical co-ordinates is 
r = 2a cos 5; and the circular sections by the plane z = 0 meet where 
cos d = -, and therefore ^ = ±3- Thus the volume Fj of the cone included 
witliin the cylinder isf/rdSdr . z, integrated over the area included between 
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the two above-mentioned circles, or 

rfra r‘^r2aco&6 

-2 / rd0dr . 2(a - r) + 2 I 1 rdddr .2(a-r) 

- -ira ^ + 4ca3 f ddil-^cos2& - |(cos 3i9 + 3 cos 0) | 
9 o J 

3 

' =Ka’-+4a’'{0 + ?^^-^sm3e-2sin&\/^ 

9 12 9 JV. 

= a={?7r+3^3 - ^} = ^{8 t+27v3 - 64} ; 


and the whole volume of the cone is ^Tra*^, therefore volume of the remain- 

deris|V-2W3'-24 

9 2 

If 2a be the vertical angle of the cone, cosa = — and for any given 

s/o 

value of z between 0 and 2a, the element of the surface Si of the cone in- 
cluded wdthin the cylinder from z to z-i-clz = dz sec a . 2r^, 'where 2r = 2a - s, 
and 6 is given by r = 2a cos 6 ; therefore 




dz sec a . 


2a -z _i2a”S 

— ^ — cos : 

2 4a 


f'M 

d 

Jo 


fZzseca.s cos'^— , 
4a 


or if = 4a cos (p, 

jr ■ j V V 

/S'lCOS a = I 4a sin (pd(p Aa cob cp . cp ~ - 4a"cos 2(p,<p -1- 4a^ / d(p . cos 2(p 

I » 

. o/tt 7r\ ^ J . . 27r\ 4 ^ 

= 9 - 0 ) + 2a-{ sin tt - sm — 1 = .;^7ra- ~ 




and Si =^(47r^^/5 - Sv'lS) ; and the wdiole surface of the cone 

- Tra-cosec a = 7ra-/y/5, therefore the other portion of the surface 
of the cone = (iV^/o -h 3,^/15). 


30. The parallel planes PpMm and QqNn may be taken to be x' ~Xi 
and x' - x^, and if PPQ, rpq be two adjacent positions of the genei-ator, the 
corresponding elements of area between the conoid and = 0 on x' = Xi and 
a;' = iK2, are Pqm^I and QqnN, which (since P3I = QA") are ultimately as 
Mm : Abi, or by similar triangles as Xi : Thus when PPQ has made a 
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section by x* = then Ay.ixx, and the volume between the planes x' = 

anclii’' = a;2 =/ dx , = where ac is a constant and =/ca:j, 

*'^1 Ag^,^-i'A^ 

u4;c3 = /caj 2 , therefore the volume = (a; 2 -a;i)- ■‘ 2 -— •% and similarly for any 
number of revolutions of the generator. 

From the above, the same result holds if the volume and areas he 
bounded by the conoid and the plane 2 = 0. 


CHAPTER IX. 


.27r+£i 

1. If, at Pi, ^ = a, the area = / where r=a^, and 

,.a+i27r I , ^ , 

• 4.1 • / do, 2^-f.{|.7r 2 ^. 1 2^+47r 20. /ci+-7r 

the area IS / ™ a {a a 

Ja ^ 41ogea' I a 

4 logea 

= j|j^('S^P 3 ~*S’Pi)-, S being the pole; 
be., the area = (P3Pi)2^41ogea, 


2. The curve is symmetrical as to ?/=0, and, solving for y, 
1^y^-ax±xs/a^-4:x% therefore x cannot be negative, and must lie between 

0 arA I ; and if 2y| = ax H- and 2yi ^ax- xisIW-ix-, the area is 

2jf dx[y.^-y^]-, but 
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( 2/2 - 2/i)n/ 2 = {2(y| + y} - = sj%ax - 2 . 2s:^ 


3. If n be even, x and y must be of the same sign ; if 72. be odd, x and 
y may be of the same or opposite signs ; also the axes are tangents at the 
origin, and the equation in polar co-ordinates being 7'-(cos^^^^ + sm-”^) 
= a-cos”“^^ sm^"^0, for any value of 9 there are 2 or 0 real values of r; thus 
there are four loops or two as n is odd or even, and the loops are clearly all 
equal. Hence, if n be even, the area is 


9 2 cos^'^^sin^^"^(9 


a2 

Jo i + tan-'^^ 


= — tan“^(tan”^) 

7^ / 


Itt 


0 


a^T 

27r‘ 


Hence, if n be odd, the area= 


4. If 0 be a fixed point on the oval, P the point from which the un- 
winding begins, QP' the tangent to the oval at Q (any further point on it) ; 
and OP = c, OQ = s, QF-txo QP, then P' is on the involute ; and if tr = arc 
PP' of the involute, and \pQ be the angle between the tangents at Q and 0 
to the oval, and \pp = a, then da- = PQd\pq approximately, and therefore 

fa+'27r 

(r= / dij'(s-c), or if 5=/(^), 

Ja 

ra+UTT 

(T = I d\p{Jl^p) -/(ct)}, therefore by Art. 216 

, ra+STT 

^ = #{ -/'{c^)}+/(a + 27r) -/(a) ; 

da Ja 

therefore, if I be the length of the string, and pp the radius of curvature at 
Pj when the length of the involute is a maximum or minimum, since 

^ then vanishes, 
da 

fa+'2T 7 7 

#./'(a) = ^ = 24 {/(a)}= 2 /^^ = 2.p,. 


0 . Here s is limited by the two planes, and if the cylinder be given in 
cylindrical co-ordinates p and (p, its equation is p- = p?’cos <?S», and the limits 

TT IT 

of p are 0 and r cos ij>, and of i/i are - ^ and Thus the volume required is 


J.rJO 


-co.s (p 

pd(pdp[a' — a) p~ 


COS' 


’ = (a'-a}^ 

OC J_ TT 


COS^^0 


. fn' r.\ 


3 __ 7r(r6' -- a)7’^ 
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6. The surfaces meet where ^ + 4a(a ; + (£]-<?■, and therefore - 2a+c, 
and therefore a!+a=io — W( therefore if Offl, the upper sign only of the 
ambiguity gives real values of ?/ and s, and the volume bounded by the 
mutually concave parts of the two surfaces is 


c> 

dx.r.4:a(x+a}+ d«.7r.(ci--x-} 

j-a .L-2® 

I c-*2a / / c 

=2«(c-a)^+^{y-c-(c-2a) 

= 7ra|(2c= - 4ca + 2a-) + - 20^ + 4ea - j = 27ra^c2 


The other part of the volume is the difference between this and the volume 
of the sphere* 


I 




CHAPTER X. 


rdSdrdz, % are the values of z in the 

1 

given equation, which in polar co-ordinates is s- = ar sin therefore 

the limits of r are 0 and a sin 20, and therefore those of 6 are 0 and as- 
suming a; and y both positive, Hence 

/.a sin 20 


the volume = 2 / I rdSdr^^ar sin 20 - r-, 
•^0 jo 

a sin 20 


or if r = ^^^^^(l + sin0), the limits of cj) are and therefore 


volume = I j c20.cism20(l + sin^)^^sm 20 cosi 5 f)c 20 ^siii 20 cos 0 
=:?L [ ‘‘fd0d(p sin320 cos-0(l + dO . sin'^20 

4joj.| o jo 

-rw 

Similarly when x and y are both negative, the form of the given equation 
being unaltered, the volume is the same, and thus the whole volume with 

the restriction specified is ^ . 
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'■’^2 /'2'o 




ddcd!j(l - or - 


2. If the volume = then 

.iL = volume of = 1 , = 2 / 

abc 

and the Its. of y are given hyl-^x^-y^^O, and /. the Its. of a; are ±1 ; hence 
Y rir^2 2 in 

and if ^ dy = Sv/osin*^^ cos OdO, and the limits of ^ are 0 and and 

' “ ^os^i9 = 3 ^dx . y.r. | 


V_ 

idbt 


Stt 

^32 


dx[l - x^)^, or putting x - sin^. 


X” 

= f 3 sin-0 co&^<pdy> = ~ / d(j){cos^<l> - cos^0), 

o2jo o2Jo 

•r;r_ ^TTobcf 6.4.2_8.6.4.2\ 

T"V7.5.3 9 . 775 : 3 ; 


F 

8a/jc 


^ra5c 6 . 4 , 2 _ ^Trabc 

"4 * riTs 


3 . If the volume V = 


rZ'lr'^irV'l 


dzdxdnj, y-^, y,^ are given by a 2 / 2 =,^(a 2 -.s 2 )_;^ 2 g.^ 


J0J‘^lJi/l 

therefore Xi, Xo, are given by - z\ and therefore = a. Hence 
^{p? - .^5 . x(a^ - .n 


F = 4 


' 7.2 


/2 2\ W 

\3''7/ 21 ' 


4. If 0 be the centre and 0 the fixed point, by revolution round OC, 
dS will generate a ring of surface the distance of each point of which 
from (7 is r; and if dS be at P on the sphere and the angle POQ-d, 

fdS 

r-=c^'fa“~ 2f‘a cos 6, and therefore j over the whole of the surface 


ad6 .27ra sill 6 _ -wa 

1 r 

(a- + - 2ac cos c(^J - 1 j 

(cd + c- - 2ac cos 6)^'“^ j 

1 0 


27ra f 1 _ _ ^ \ 

c(9^-2j l(c-a)”''- (a. + cF'"^/ 


5. In cylindrical co-ordinates the equation to the sphere is = a^, 

ir >5 vr 

acDHnu ^ 


a cos nO 
0 


cofi nu ^ 4 ^ jj 

and the volume = 4 1 / rdddr . - 9^" = - -T / d6 . (a-- r'^) - 

Jo Jo *Vo I 

4 rYit. 4[(p f“ 4:Ci'^fTr 2 \ 

= 3 1 ddia’^ - ahm=ne} = | - sin»0) =^(3 - 3) 
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For the surface S, sec 7 on the sphere is and therefore 

COS wC/ fj! f’lu 

S-j:i I r£f 0 *-.- 7 --== = 4a dd(a - a sm n0) 


'0 Jo 


6. In polar co-ordinates the curve is rCcos^e -1- siiv>0) = 3a sin ^ eos 
and the v'olume V = 


’^r i 
r 


JoJo 


^^ddclr . 27rr &m(^6 -!- ^ 


cos"0 


lo + if tand = z, 

= 9^a^/2J^ (1+tanW 

V- 9ra’‘J2 f — or if H-s“=-, 

(1-1-23)3’ X 

r=97ra3^2f + 

^3.a\/2lxdx{(^)K (l^)"} 

= Sttu^/'zJ dx^x"(\ —x)^ + x“{l — x)~j- 
= 6TO3^2r(5)r(J)^r(3), hy Art, 261, 

= 67ra3^2.i!r(^).|r(5-)-g 

= |»V2 '■I Art- = -vs' = -370 ■ 

’“3 

Aliter ; to avoid the use of Gamma Functions the above integral in 
might be evaluated by the method of partial fractions, but V is more easil; 
found by turning the initial line through an angle when the polar equa 
tion of the curve becomes 

r|cos3(e -f- + sin’^e + ^) } = -3 + 1)’ 


or 


-^(cos^^ + 3 cos 0 sin^ 8) = *^ cos 2Q, 
\/2 2 
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an 1 V = 2 ^Trr cos 0 . rdBdr = dS cos B . 


27a® 


cos®2^ 


2.v/2 cos®^(l+2siii^'^)® 

= 9a®\^27r I dB sec^(9 + 3 t^n^) ’ ^ ~ 


)’■= 3 aV 6 vr jji>sec^<t>(l 


'0 


r'^ rl^. 

•— / ^ ^TTOb^ / 

=^A/67r gg^(4 - sec2,j>)3= |^(Z(;ii(64cos^9i-48cos20+12-secV) 

= I%{16(1 + cos 20f -24(1 +eos 2^6) + 12 -seeV} 

3\/6 y 0 


c?0{4 - sec2</> + 8 cos 2<^ -h 8( 1 + cos 4^)} 


_27ra® 

3V6 

r: ?I^l(12(p - tm ^ + 4 sin 2^ + 2 sin 4^) 

3\/6 I 

= fJ(4.-^34-2V3-./3) = ^^. 


7. If the equation of a cylinder be = a®, and the axes of z and x 
be turned round the axis of y through an angle a, y is unaltered and x be- 
comes X cos a ~ ijsin a, and therefore the equation of the cylinder becomes 
{x cos a - j:: sin a)® -f = a®. 

Hence if (8 = 2a, and the last equation represent one of the cylinders, the 
other may be represented by 

[x cos a + s sin a)® -1- = a®, 

by changing the sign of a : and it follows that when x and z are both posi- 
tive or both negative, the corresponding value of y on the second cylinder 
<the value of y on the first cylinder, or the second cylinder lies within the 
first. Thus if V be the whole common volume 


n So I 

dxdz . 2{or - {x cos a -h s sin a)-p, 

where 23 the positive value of z when ?/ = 0, and therefore 
^osin a = a-x cos a, and therefore x^^a sec a ; therefore 


J .ctBcc a 

0 sma\.^ 


X cos ct 4- 2 sin a)\/a- - (a; cos a 4- 2 sin a)^ 


-fa^siii 


.^xcosa-bssin 


in a'\ /*2 
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r sec a 

. 0 + - X COS avct- - ■ .^roos-a - ahii 

^ sma\ 2 


S I asec a 

TCt^ sec a , (a^- x^cos-a)'^l 


2 sin a 3 cos a sin a /o sin a 




.a sec a 

j dx.xa cos a 
sin aj ;3 ti- - fc’-cos-a «- 


2a® a®7r 2a* 


'sinjS SsinjS sinjS 


;Va® - iC'Cos'-^a 


I ___ 2a® ^ 2a® 

0 3 sin /3 sin /3’ 


By Art. 170, S=J j dxdz^/l + (^^'j +(^^), 


and for the second cylinder, the limits being the same as before, 
cos a(x cos a + 2 sin a] 4* ?/— = 0, 

sin a(x cos a + ;: sin a) + = 0, 

0 , , (a; cos a + 5 sin o)^ 

secy- + a + 2 sin a]®’ 

by symmetry, the surface of either cylinder intercepted by the other 

So .-*2 1 *i 


j dxdz , 2a , 4a / 

Jo Jo {^2 - (a; cos a + s sin a)^}^' 

sin-* “1“} 
sina/o 1 2 a j 




I a sec a ra sec a 

4aa7 . .iXCOSa , 4a dx.xa cos a 

. . a sec a “ — . sin ^ 1 + — — I -y.:z=z:-=^ . 

t sin a a :o sin _ jjj-cos-ct 


^ 47ra^ Sa® r _ 

ST/S sin /3 ’ 2 sin jS' 


A'a® - a;-cos-a 


8. The plane of the moving circle, being normal to the fixed circle, 
must pass through its centre ; and if two adjacent positions of the moving 
centre, in polar co-ordinates, be (a, 6) and (a, O + M), the element of area 
between the corresponding diameters 2r and 2{r + A?’) in the plane of the 
fixed circle, neglecting higher powers of Ad than the first, is 

^{(ct+r)2-(ffi-}f} = 2arA0, 

and r = aam6, if the initial line be the given fixed diameter. Similarly 
the element of area between the planes of the moving circle in the above 
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adjacent positions at a distance s from the plane of the fixed circle is 

Then the whole volume of the tube surface, which x from a point when 
= 0 to a maximum normal section = ira^ when ^ is 

r^ra aiii 6 

8 . 2 a I j dddz\^ahii[i -6 ~ z- = 4<x^7r j dd , siii-^ = 7r-a‘h 

The trace of the tube surface on the plane of the fixed circle is bounded by 
the two curves r = a(l±sin^), and therefore the volume swept out by the 
tube in a complete revolution round the fixed diameter = the difference of 
the volumes described b}^ these curves 

r|m(l+sm^) 4 r% 

= 2 2 rrsm 0 . rdddr = dO . sin d{{ 1 + sin - ( 1 - sin 

^ Jo ^ 

/•IT 

Aa? %i3 + + = 

S Jq 3 \2 8 / 2 

e 

= ^ . volume of the tube. 

0 


9. If A be the area of a regular hexagon of diagonal 2a, the volume 
required is, if + 2/^ = a- be the circle, 

2 / f dx(a--x-) = -Aa: 

Jo a- a^jo 3 


-and the side of the hexagon = a, 


^1 = 6.~ sin ’" = 3a3. ??/-§, 
2 3 2 


the volume generated = 2 \/Sa?. 

If PQBS be half the hexagon on one side of the 
■circle, when the side of the hexagon = the 
'element of surface betw'een QR and its adjacent 
position is to the first order of small quantities 

PQ\J Ax“ + A?/-sin-^ = PQ . c? say ; 



•and if PQ, SR produced meet in T, by turning PQT in the plane PQR 
round P, till PQ is parallel to QP, it will be seen that the distance between 
PQ and its adjacent position also Heiice, as PQ = y-QR and 

™ ?; PQ.d- Ax\/a^ - X- 4- ~x% and the whole surface is therefore 
^duj y V 4 
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12^ dx^a-~ = aVa- - s- + a^sin ' ^ ^ 

= 12a2|i^ + g j = a?{S^IS + 2t). 


10. If rc = ft sin-0, 


I*-' dx _1 2sin0cos0c?0 = ^ f " 

s!2ax-x^sla?-x^ sin 0v2-sm-0\ 1 -siir0 : sin-?; 1> -si-V-i/i 


•'o 

1 


2r70 


1-f- 


1 - cos 20 ^1^.^ - I “ QOS 2 0^ ) {f 


= 2r^ 

ft 

"o 


{ K3- 


f70 


eos0)(3 + cos 0)}=^' 


cZ0 


1 - ^ COS-0 


when c = -. 
3 


11. Here , 


rlv 

, and 20, 

cZ0 ’ 


add 


s !\ - 2 sin-’0’ 


-£ 4 ' 1 ) 

s= fd0{a^-cos2fi+?^^in-K f-¥t = f 
J ^ COS 20 J J \/cos 20 J I 

jr if Ay/2 sin 0 = sin 0, and therefore n/2 cos 9d6 = cos 0ff0, 

.? - /* ct cos cf>d(f> ^ 

J fj2- sin20 . cos 0 Ay2 j 1 .i. .siu-0’ 

which is an elliptic integral of the first kind. 


12. If the angles AOP, BOQ be 0, 0, since the arc AP = QO, the arc 
^ P + .dQ = arc J.O, therefore 

f de II’ d^ _ ft dx , , 

/ / ~Tr=w ^~~ , --= a constant, 

Jo Vi - 2 sin-0 Jo vl - 2 sin-0 Jo Vi - 2 sin-a; 

and the proof of the proposition in Art. 225 holds good for positive values, 

of so long as chin-/M is not > 1, and here and c- = 2, therefore 


cos 0 cos 0- sin 0 sin 


in 0/y/^ 1 — 


2 sin-’^ - 


» /i 
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CHAPTER XL 

L By Art 239 (6) dxdy is changed into 

which here = d(pd6ab{cos-6 sin (p cos (/>+ sin B sin 0 sin B cos <p), therefore 
ffdxdy = ffahdcpdd sin (p cos p. 


dx 

Here — = sin a, 
du 


dx dy dy 

dv du dv 


sin a, and ?/^ 


= thus 


c?£r ^ _ dx dy _ j 
5'y ' du du dv ’ 


and 




dndn 


\^J. - “ v- 


denoting the function of u, v which /(a;, y] becomes on substitution. 


3. If the limits of x and y are both constants the boundary A BCD in 
the figure to Art, 246 is a rectangle with its sides parallel to the axes, sup- 
pose OLMJSf. Then the curve A (7 will in general, as u oc , meet some two 
sides of the rectangle in three different sets of ways, for it must cut two 
sides, say 0 A and NM, and as A and C approach 0 and J/, A and 0 will 
coincide before G and M or vice versa, or simultaneously. In the last case 
there may be only two integrals in the transformed integral, but otherwise 
three. If A <7 be a straight line parallel to either axis there will be only 



one integral. The method assumes that A 0 actually cuts the rectangle. 
As explained in Art. 246, if the integration be wdth regard to v first, the 
limits of V are determined by the values of x and y corresponding to the 
extremities A, <7 of the curve AC within the boundary, for a given value of 
u. Similarly for the integrals coiTCsponding to A'0\ A"C". The limits of 
u are found from the values of x and at (1) 0 and JS^, (2) at 0 and M, and 
(3) at Land iL For example in Art. 240, OL-a, ON=h, u^x ■]■'(/, and 
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- JL. ^ therefore ^ G is a straight line through the origin ; and while C is 

between L and M, u oc from 0 at ^ to | at G where a; = a, and therefore 

■I =— ^ : and the corresponding limits of v are 0 at L where 2 /= 0 , and 
V \-v ... 

at M", therefore the first part of the integral is 

[''^1 udvdtiV'. 

Jn Jo y I 

For the second part of the integral, u cc from 0 at ^ to - = - at C\ and the 

b 0 u 

corresponding limits of v are 1 at and at ilf, and therefore the 


second part of the integral is 


fJ: 

a+O 0 


V'ndvdu. 


4. If ax = x', and I)y = ?/, 

f71^.(aV+6=2/2)da;<fy= and transforming to polar 

Jo Jo 

co-ordinates this “ f [ 

T r“ 

which is the same as j^(p{x)dx. 


5. 


Here a: = — - , ^ 
1-tu 


- }!JLz=v ^ 

'l + u l + u 


dv 


1 

1 + w 


dy _ V 
d% (l-i-7ip’ 


dx ^ 
du 


'(l + uf 


and 


dy_ u 
dv 1+^a’ 


and dxcly, which becomes • |), 




m, 1 _ diidv . V 


(!+«)=“ 


Eor the limits, eliminating v, y=ux, therefore the limits of m corresponding 
to 0 and xofy are 0 and 1 ; and changing the order of integration between 
X and M their limits, being constant are unaltered, thus those of x are still 
0 and a. Lastly, eliminating y, a:= and therefore the limits of v are 
Oanda(l + w). Hence 



V'.v(l + u)--dudv. 


0 
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6. In polar co-ordinates 


rr 

•'o *'o 
and 


dxdy 


(x"+2*2/cosa+2/“^) 


= U (say) = 


rdddr 


0 0 ' 


•'•(1+ cos a sin *20) 


1 fidd 


1 + COS a sin 2^ 


Its. 0 and oo 


, • ^ Jj 

2 jo 1 + cos a sin 2(9 2 jo 


r being taken between the 


dd . &eQi^ 


0 l + tan^0 + 2cosatan^ 


1 r 


dz 


1 


. tan 


-isr-f-cosa 


2 jo (s + cos a )- -h sin-a 2 sin a sin a 

when r is taken between the limits 0 and co , and therefore 


U ~ a| = — Cf. Art. 46. 

2 sin a 12 2 J 2 sin a 


7. Clearly <l>[x, y)dxdy in polar co-ordinates 


^tan~^-rasocl9 

■ I I y)rd 0 dr+ 

Jo Jo 


r& cosec ^ 

I I 0i(a% y)rdddr, 
jtau“^-‘'0 


supposing a and h both positive. If a be negative and h positive, the limits 
of 6 will be successively t - tan"^ - ^ ^ g tt - tan“^ — and 

similarly for the other possible cases. Thus 
dxdy 


(c- + a;2 + y2)^' 


: U, suppose, 

/’tJul - sec S 


0 (cHr^)- 


/'lau 
= - / 


rUm - A ' pa sec i/ rb cosec 0 

“ I 1 4. j I rdddr 

\ i r^2j.,4!\l -'ta'Vo {c2 + »-2)i 

dB 


(c- + !-)-' 


-I 

v-l? 




& cosec S 


rUiii f- 


^(cha^BQordp 

rtan-l^ 


[ ._1\ 

tau-1- '‘(c2+62cosec26>)4 


sin 6 


jJd0-l dB^l—22^L--- 'dB i 

^•0 ’'o (c2 + a^— C^sin^^li * -r c2 


•C2cos20)--i 
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rr TT * « sin d 

cU^~~ siu ^ - 




= T — sin“^- - ■■ 

2 .sjc- -h £t*-s-a- 4- &- + 


= - - tan"^- 


a(a2 + 62 + c2)5 


5(^2 + 2,2 _J. ^.2)5 


- ^ - tan-1- c(a2 4-52) | al[a^ + h^ + c^)-abc^ \ 


ah[a- + &2 + c2) 2 


a6(a2 + 62_|_g2j 


= cot-^l 4(“^+ 62 + c 2)H = tan-i — -, 

lab J c(a2 + &2 + c2)2 


TT J- J. -1 

27= -tan i — . -» 

c c\ a" + Z)i + C"" 


^ rrn ■ ^ 1 PY” ardOdr P 

8. The integral = / / -t = ^ra . 


o. -Lxie iiiL/c^rcii = J / .t — — • r h 

(r2 + a2)^(r-2 + a'2)ii (r2 + a2).2-(,.3 + a/2)4 

let ?'2-|-a,'2 = w2, and therefore d(r^} = 2udu, and the integral becomes 

udll. _ 27rau /“ /r^n^ P.v Q Av-^-. 1 K\ 


z ^ , (per Ex. 3, Art. 15) 

+ a2-a^2j (^2 _ a!^)[u^ + ^2 _ ^^'2 ) 2 

27ra _ 27raa'_ _ 27r _ 

~ - a'^ (a^-tt'^).(a) a -ha'* 

9. Here = cos i9, ^ = r cos <9 - a sin ^ = - r sin ^ -h a cos 6>, 
de dd 

= sin ^ ; .*. dxdy transforms into 
dr 

(r cos^^ - a sin 5 cos 9 -\-r sin-0 - a sin 0 cos 9)dddr 
{r — a^m2d)dddr; :. etc. 


lere x = 

(f+s^)*’ 

(1 + ^2)-3- 

dx 

_ rt 

dy_ t dx^ 1 dy^ T 

dt 

(1 + ^2)^’ 

(1 + ^2)V dr + dt + 

dxdy _ 


r _ r 

drdt 

(1 -h^^)^ 

( 1 "h t"Y‘ 1 -h 


and rv ^ -- ^ 

drdt (1 + (1 "h 1 “h 

For the limits changing from y to r, = + y^^ therefore limits of r are x 

raorca 

and 00 , and the integral U (say) is ol.' the form / / Vdxdr : now changing 
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the order of integration, the limits of r are 0 and oo , and of z are 0 and r, 

''r 

Vdrdx. Lastly, to change from x to tj eliminating 

Thus 


therefore U - 

T 

and therefore the limits of t are co and 0. 


"(1 + 252 ) 2 - 


f7: 


-IT 


e-'^rdrdt 


11, As in Art. 239, the integral becomes 

\dd dr dr ddj 

With cylindrical co-ordinates the integral is 

j'JJrdrdddz, 

and a figure will readily show that the limits of r are 0 and a, of 6 are 0 
and and of z are 0 and mr cos 6, Hence 

cos 0 rar"^ rt. 

the volume = 1 / / nlrdddz^ I I tnr^drdO . gos 6 = m?'-dr = T^~. 

Jo Jo Jo Jo Jo Jo 


1*2. Here a;= sZ/yy, y = \yct, as in Art. 245, dzdydz becomes 

1 joj (dxfdjf dz dy dz\ diifdz dx _dz ^\,dz((Jx dy dyV^ 

dy^^J dAd^'Jy dy'disjf 




= ^dad(Jdy, /. etc. 
4 


13. To change to eliminating r, 0, and (p, x^ = cr^tan )j/, therefore 

dx^ = X‘i^GQ^\j/d\p, and the integral U becomes ffffVidxidx.jdx .^ . x.^^OQ-ipdip : 
next, to change x.^ to 0, eliminating r, anda? 4 , s/xf + xi-rsm6=x.^tth]idseGip^ 
therefore dz.j = - cos ip . \'Xf -i- x.r , Gosec^0d0 = - r cos ^ cosec 0d0, therefore U 
becomes -fffJY.dXi^dx,/l6d\p . r^cot 0 : thirdly, to change x., to 0, eliminat- 
ing a’ 4 , and r, a’a = iTjtan therefore dx., = Xi^ee-^dcp 0 bgg (pd^p, 
therefore 1/ becomes - fJJJV‘ylxyl(pd0d^p,r^Go^6zeG(P : lastly, to change Xi 
to eliminating ^ therefore 

U = ~ JJJJ V', d7'd<pd0d\p . ?’'*sin 0 cos 

, , , t fdx dy dx di/\ 

14. By Art. 246 the elementary area = ±awc6i7( ^ ^ Ihe 
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tangents being at right angles, let them be axes, and the fixed parabola 
+ = any variable parabola = Vw, so that u x from 0 to a, 

and let one of the straight lines be y = vx, so that v x from 0 to x , Then 


here = (a;- ^ = 




A1CXC3 M/ — V uc. T M , V — « . . — r V*" ‘ J J 

^ ^ * X dx dy X 

(M dv_dw dv^ a:-4 = ^±, 

dx dy dy dx x- 

or since a:*-(l + — the area, by Art. 239 (8), 

= f f dxdy = f f dvdii . — 




1 + 1 ' 

2s2'^.V, 


( 1 + 1 ?^)^ 

1 

let l+'y'^' = s, 


V2 3^ 6 


If 4c be the latns rectum of the given parabola, and therefore 

the area = ^c^; which may be verified geometrically. 


15. (1) y and s being constants, ^ 

... 

dx 

(2) In changing from x to r, y and z are constants, 
dx dr dr ’ 

in changing from y \,o 9, z and r are constants, 

^ ^+^ = 0- 
dy'de dd ’ 

and in changing from zio(i>,r and 9 are constants, 
dz ' d4> d(f> 

Hence J J J^x, y, z]dxdydz = - J J 8, 4,)drded4 > . g . . g. 

dx dy dz 
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n- o , 0 , o T ds X dz y 

16. Since a;-- + 2 /- + 2-^=l3 = 

ax z ay z 


and ; 
Also 




dyl 

^ = cos 0(1 “ 
di> 


sin ^(1 - 7i%in-0)i^' 


4 - 


dd 


= - sin ^ cos 0, 


dx musing QOS 9 sinj^ and - cos 9 sin ; 

(l-m%m-9)2 

•. dxdy becomes and the 

double bracket in the numerator = cos20.-m-cos20+m“cos-^ 

=:?^“Cos20-{-m2cos“l9, 

and .■. the integral transforms to - f f , When 

^ (1 - w%in2^) ‘^(1 - ?ihm^(p}i 

this is taken between the limits 0 and 75 for both 6 and 0, to find the cor- 

f fdxdv ^ 

responding Its. of y and x in / / — ^1-, changing from 0 to ?/, and therefore 

eliminating rr, y = cos 6 cos <p; therefore the limits of y so far, corresponding 

to 0 and - for 0, are cos B and 0 ; now changing the order of dB and dij, 

the limits of y are easily seen to be 0 and 1, and of 6 (viewed as an 

abscissa) to be 0 and cos“^y > lastly, changing from B to x, eliminating 0, 

A- -1 aiid corresponding to the limits of 0 and cos"V 

1-m-sm-^ cos“d » r o j 

of 6, those of X are \/l - and 0. Hence the proposed integral in 6 and 0 

Jojvi-A^-^'^-yW. Jo '^ 1 - 2/70 


17 . Let (1 -n“Cos^^)*- and (cos-0 -f ■?i^sin-0) = g ; then changing 
from z to B, and therefore eliminating r and 0, 

s- = cos-e I -M-- + 1 = y=cot 29 + a:=| - 1 + 

lsm-(9 l-7i-cos-0j I l-yrcos-^J 

. dz o -n 0/1 wVsindcos^ o o, , ^ i 
= - y-cot B cosec-d - , =~?^-cos-0cot^ — 


dB 


(1 -n-cos-B)- 

V2 

= - cot ^?{cos-0 - w-cos-0 cos-^ + 77-sia-0 sin-0} 
jr 

' r coscc 0 


1 - 7'i-COS-0 


^ {cos^0 ( 1 - 71-) + 7i-sin-0} : 

dB ]rq ^ ■’ 

next, changing from y to 0, and therefore eliminating z and r, 

P 
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. « ccGotd> , dif X • n '■>± ?’sin^ 

^ p dcf} p sm0 

andj lastly, changing x to r, and therefore eliminating y and z. 


Hence 


\ \ \ 


z transforms into 


i^=p,m<p. 

dr 

drd6d4> . — cosec 0{cos^^(l - ?i“) + . sin 6 

pq sin 0 

'drd9d4> . + 

(1 - ?i-cos-^)^. (cosV + W“sm-0)5' 


-11!^ 


18. If £! = r cos Oj X ~ r sin 6 cos 0, and y=r sin d sin 0, then eliminating r, 

tan 0 = ^, tan 6 = 3!+ . ^ -, and, as in Art. 244, seo^^i)'?^ = ?: or ^ =_^ . 
^ s dy X dy x^+i/’ 


sec-p = • 

dx . 


a; _ \/a;- + tr ^ dd _xz-p{x^ + y^) ^ 

',sj "{” vy^ dx 'dx 


so 


d6 _yz-q{x?’\- if ) . 


; and 


dx 
dcj> _ 




V „ y 


dy ^Va;2+2/’^ " dx ai-WV 

.-. f ffm9dedi> = f 

JJS JJ3 I r-{x- + y^^)i J 

Now if If m, n be the direction cosines of the normal to a surface at a given 

• . I m -x 

point, n = - 0 = - and 

n n 

z-px-qy^ \lx + wy -h ns), 

% 

dxdy[z -px- qy) = dS(lx + my + nz)f 

the integration amounts to summing the product of an element of the 
surface by J of its distance from the origin, so that the volume is divided 
into thin cones with a common vertex at the origin. 

19. If the given integral be denoted by U, changing from 2 ; to w, and 

therefore eliminating V and , =1, 

° du 

and the limits of ii are cr+y and 00 , 
there ore U = 


w ^00 -03 

j Vdxdydu: now 
Jo /»+?/ 


~'0 Jo >+?/ 

■changing the order of y and u, the 
integration extending over Af ^7 be- 


comes 


I I Vdxdudy ; next, choixig-i 
•/Q Jx Jo 


ing from y to v, and therefore eliminating z and w, xi-^y^uv, and therefore 
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i, and the Its. of v are - and 1, therefore U becomes U 
^ *^0 Jx Jb 


Vudxdudvi 


■dy 
dv 

now changing the order of x and u, U becomes 

changing the order of x and v, U becomes 

^ Jo Jo Jo 

change from x to tv, eliminating y and z, x + tivw~tov, therefore -- =-uv, 


0 JoJx 
1 ruv u 


Vududxdv; again, 

Vududvdx; lastly, to 
dx _ 
dw~ 




and the limits of to are 1 and 0, therefore, finally, 

U = jJJWvclvdvdia. 

20. Changing from x^i to and therefore eliminating 9", 6i, 

= and dx,,-x,,.iSQo%,^i,d6n^i; and changing from a;, 

= ^,^»isec2j9,i_2c2i9,j_25 and so on up to 

dx.2 = x:iCO^d.2^ecr6id6i, and then eliminating a?o, 0:3, ..., dx^^^droosBi. 
Hence the given integral becomes ffj-.. Hdrddidd^.,.d9^^^i, if 

H - XiX^..,Xn^iseQ ^n-2---S®C 
= r'^"^{sin^?])’^’*-(sin^2r“®---siii0,i_2, A etc. 
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1, J£ .. A£±I^, then 
x^ + bV-\-b^ x^-bx + h“ x^+bx+b- 

+ ^ A2)& + + + + A[2)^^"!"('^i ” ^2)^} 

'^(B,+Bl)b^ 

.dj + A[2“^» 1 = (Aj — ^ 2 )^ + ^i4’ -^2> 

0 = (.Ai4-^l2)&"+(f^i""^2)^ or Bj = B 2 , 


and 

and 






W?' 

~W~' 
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(x" + a°]dx fj^^f2AiX-Aib+Aib+'2Bij_2A^+Ajb_^AJ>+2B.2\ 

21 /ata-, ^ x^ + bx+U^ / 


I x*+b-x'-^+b* J i x^-bx+P 


+ 5ic + /; 


= ^^08zrxz-.M'^ 


^ xhhx^W' 

9 


and when a; = 0 or co , the logarithmic part = ^ilog 1 = 0, therefore the 

5+’r+5 _!:\ =^_ 


given integral=£^(|+|+|-iJ- + =~ 


2. If tt = [ 'oos(o tan x)dx, and tan x = B, 


f“ cos aed ff 290, =^6-“. 

Jo 1 + B'^ 2 


3. If « = l'lr“ ■ ^ e^^dx, and x” = y, 

n , 1 

Qiu= jdy.ye^-ye^ - j^e^tly = e-e-hl, .'. -it--. 


4. If & tan X- a tan 0, 


dx P^^ (l+tan-a?)sec^a ;^ 

Jo (a^cos-x+b^siix-x)' Jo (a^ + S-tan-^as)- Jo 

= ^ I d0(a“sm^6 + 5-cos-6>) = 
cv^b^Jo 


:i^dB,a sec-^ ( 1 + % tan^^ 


Z^a'^sec^^ 


TT . W 


2 d^U ^\2 2 


4W=^ o?b 


5. If tan (p = x\ 

^X“dx 

I \/tan^.# = J therefore, as in Ex. 15 of Chapter II., the 

given mtegral= — - (tan-i(W2 + l) +tan-i(a;\^ - 1)} 

2\'2 oi?+xsl2+l \'2'- > 

(taken hetveen the limits 0 and 1) 

= J_loa?^+ i-|tan-i(\^+l)+tan-V2-l)| 

>^■'2 2 + \/2 \/2'- ' 
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______ 

6. If oot 4> = s?, cot (pd^ = and using the limits I and oo 

in Ex. 5, instead of 0 and 1, the result is 


TT 

^”2 


-I;]: log(\/2-l) + — _^5 and .*. etc. 

is/2 s/2 


7 If w = I when a; = co , w is of the form and 

Jq X 00 

w = It. of 2 --i'\ =i when a; = co , 

\ 2 


rco 1 rirco /-j | 

8. Bv Art. 291 / sin I sin rciJcZrcZrr = / c2y.- 

Jo r JaJo Ja r 


i.e., 


/* -?^\cos air ~ cos 5a?) = log 
jo a? a 


^cos X 

'&(/ a? 


e^a;, 


Miter: ' = [‘^S^dcc- P 

Jc' X Jac' X Jin 

= ["‘S2^dx- /'“'22i5dar. 

jbc X Jb</ X 

* when c = oo and c'=0, f approximates to 

jo X 

r^^idx- r^^dx=iog! 

Jl>o CO Jbc' X C 


' a 


9. 




ri A 

the latter integral = — 7-^^ — r= / 

•/» 


dx 


4 /') 4*- 3 


, .*. etc. 


10 . ByArt. 20 .j|!|. = ^,+g^+...+^, 


where .4r+i='^—^^, and A[i = .F(c), 

l!l 

m _ ^’{c) F’(c) F"(c) 

■■ • (aj-cf^la-c)'* (a:-c)’*“i ^(a:-c)""- ' [?i-l (a;-c)* 
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and by Leibnitz’s Theorem, 


-I- i?i - gfra - 1 )■ _r(fL. + to, - r c) 

— (o; — c)'*" — \2(x — — ^ 


[X - cy 

. cP^-^ fF{c)\ 


[2(a; - c)^ 


■ X~fi 


h[x-cY £Zc"'H °b-ci 


11 


= 2 fV“^oos(siiie)d« = 2 j h{e“^^ + e-‘°^^}oos{sme) 
Jo Jo 




. f'V“'’oos{sine)de 

Jo 

■/' 

^TT 

_ I 6*+ V^-l sill (9 ^cos 0 -\/~l sin 0 ^ -cos ^+siD (9 V^l _j_ ^-cos 6 -sin 

JO ^ 

rf- r 5. 

= j c20|l + eos0 + \/- 1 sin0 + , 2 (cos 20 + \/-l sin26>) + ... 

+ 1 +• cos ^ sin 0 -h i(cos 26 - sJ'JJJT sin 2^?) + . . . 

-f 1 “ cos ^ + sin 9\/ - 1 + j^( - cos 2^ + \/ - 1 sin 2^) + ... 

If 

+ 1 - cos 0 - sill 9\/ - 1 +g( - cos 20 -\/^l sin 20) + ...| 

= fddA = 27r. 

Jo 


12. The object here is (1) either to integrate, if possible, and then find 
the limit when c = l, or (2) to expand the function in the denominator of 
the integral in a series of powers of 1 - c ; and as this is not immediately 
possible, the expression must be transformed by a suitable change of variable. 
If then (1) be a whole number, and a’* = c as in Arts. 25 and 26, 

J 1 - a^cos'"0 separated into a series of integrals of the form 

/ dS 

n{l + bcosey: integrable as in Art. 14, Ex. 14, and it will be 

found that 'the only integral which vanishes when a = l is [ — 

j 1 -acos 0* 
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Hence tlie proposed integral reduces to 

— c f ^ "** ^ ^ 1 

^ "" Jo wll-acos n * si I -or 




?A / i — ^ tan“i(oo ) when a = 1, 
^ 1 - rr 

and the It. of ^,= 


.y L- ^d.he.lol^=^_=>, 

1 -■ - 

n 


the integral ; 


Tins only applies when n is integral, therefore (2) for a more general in- 
vestigation, suppose = X ; then 


" ^ = dxr'' 

Jo l~ccos’^0 Jo n 


say, 


.rl-CX X/ 1 \ 

l~c 1-c + cy/ 


^ f y Y'^"^ l-c4-cy {l-c + cy)n 

> (l-c + o?/)-U~c + cW 1-c f,T . , 


jo (l-c + oy)-U~c+c2(, 
fil 1 . 1 

u= ’-dy.yn'~ £5 


{(l~c+c2/)ri-2/np’ 




or, if ?/ = A w= / T’ 

which = CO when c = 1, and expanding in powers of 1 - c, 


Wl - c = 


A dz 

i- I r9!. . 




'1 2 /-I 


io ’Vo 

^ n 


V 


^ -JT 

w 2 


13. J dO(acoBff + bsin0}log(acos^& + bsm^0) 

= j^d6{ -acoBdi'h sin 6>)log(a cos-6 + h sin^6) 

. = ^^j^dO , sin 6 log(ix cos-6 + h sin-0) 

= - 6 cos 0 log(a. cos20 + h sin-0) i' -i-b f dO, 

* /o 00 acos^0 + 0sm-0 



todhunter’s integral calculus. 


= 2&loga+2i(6-a) 


= '2h log a, + 2b cos 6 


dddi cos^^ - -—-i\ 

I \ a-b a-bj 

(a - 6 ) 003 '-^^ -i- b 


icos h 


[a-by^ 


= 26 log a-45+ 

(a -6)2 


= 26(loga-2 + 2, 




^ 6 

— 9 cos 1 - 
a-6 


. . * ^ 1 l + 2?zcosaa; + ?i^ 

14. Asm Art. 292, log 

= 2|n(cos az-w Ix)-‘^^[q.o& 2a*:- cos Ibx) + |^(cos Saa;- cos 36aj)- + 

the given integral, u say, by Ex. 8 
= 2|»ilog^-’|log^+'^log^- +...} if «<1, 

• ■!{=loe-fn--V^-+-) = log(l+«)log-I- Similarly if «> 1, 
a-\ 2 3/ 


u = log(l + 3log5+ 1 f(log«^-Iogn^) = log^l+-)log-, 


15. By Art. 288, 

/■" ^ I ^ 1 (a - ci\/-l)(5 + ^\/^l) 

j„l® ‘x ^a + «.v-l “ «“+““ 

This is consequently real if ab = a/3. 

In Art. 288, k must be positive and therefore a and b must be both posi- 
tive here, but the signs of a and /3, the coefficients of imaginary quantities 

a 8 

are necessarily immaterial. When the final expression is real, since - = 7 , 

qi^Q ^0 ” 

a, 3 are of the same sign, and therefore log— 7— 2 whether that 

7 r -j- 

sign be positive or negative. 


16. Iix-i=z, 
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TT , 1 p, /2S-1 + 1 22: + 1-I 

4 4' 




17. If a; = tan y, 

[ .^^Jog(x + ^]= I ‘‘dy logiUn y + cot y):=- / cZ?/log(sin2/cos?/) 
jo 1+a:- \ X/ jo jo 

rf rl 

= - j c22/(logsin2/+logcos2^) = ~2 j c^2/logsxn^ 

= - 7 rlog^ (by Art. 51) =Tlog2. 


18. By Art. 285 [ if r be positive, 

Jo X 2 


TT^ r“sin2a;, sin%/“^ 


19. /'"-^^(e-“-e-^)“=--(e-“-6-‘W+2 f —{e-‘^-e-’‘^){-ae-<^+be-^^), 
jo a:" a; /o jo cc 

and when a; = oo , 

X X ' ■ 

,.hen ;»=0, = -ae-«.-Se-^^) = 0, 

a; 1 

the given integral = 2 j — { - a(e " 2 ^** _ - («■+&)«) + - (a+h)x „ g 

.-. (by Art. 288), =- 2^ log ^ + 2i lug 
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r<l, .•. by Art. 265 = .•. putting r = 

do'KsmrTr/ \smr7r sm-rTr / 2 


c^?Asm rir/ 


f'^js^IxAogxdx^^ 

0 [l + xr 


2 j2 

21. Ifa: = --, He' ^-e~'^)dx=ir 

.\y Jo 2jo f 


sjv lo Jo sly 

roo /7y I'co j 

and / = a dz.e~^.z - = a/^r ; 

jo \/2/ jo 

, , 0 ^ 

also ^vlien y = oo , ^ = — = U, 

n/2/ ^ 

and when ?/ = 0, ^ — - = - = 0, 

v2/ ^ 

the given integral =: (& - a)fij7r. 


22. If e“® = 2/, = 

y 




:2/iy.S-J^ = 2f-^- +i+- + ^=!!f 
jo ^ 2r4-l VU 3= 7 4‘ 


23. If X = 6“*, 


/■” j 

jo log a: a; jo ' 




and .*. (by Art. 288), 


If = y, 


jo log a; jo log y 


and .-. the first given integral would appear to vanish, but, as in Art. 288, 

p e,-->nz 

If) locr a; equals “ co - oo may be finite, and in 

this case is so, and not zero, unless m = 
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24. = f sm”M^= f — dx.x ^.(l~x)' 

Jo J^2x^{l-xp "Jo 


■i 


1+2" 

'2 




> - 1 . 


25, If 


cc 


— , — -- =l-y^, therefore ■■ ^ , and 

h + cx b + c h + cx b+c [b + cxf {b + c) 


y 


1 _ 7y = 1 - ^ therefore 

b + cx b-hcx 


^ x^-^l-xy^-^dx _ ("^dy {b-\-cx)^ ^ / y V"^ 1 u»-ip+ca;V 

Jo (b+cxy'^^ Jo b b + c ' [b+cj '(b + cx}^+^‘ ’ [ b J 


=1^!/ 


■r(f)r(m) 


6"‘(^> + cy r(^+m) ’ b’^{bi-cy’ 


26. If sin^^ = X, 
^0 {a cos -^ + b sin’^^ 


_1 f^ dx. 1 f^dxil — xY''^.x^'^~'^ 

2 Jo (a cos-^ + b 2J0 {it - (a ~ &)ci7]^+"‘ ’ 


and therefore by the method of the preceding example, 
^1 T(m)Til) 

”2‘r(l+m)’ 


27. If sin^^ = Xf 

,r - !iil 

p dd . tan^^ 2^2 (1-^) __2 ^ 

Jo a cos‘^6 -i- b sin^O jo a cos“g + 6 sin-g jo 2 ’ a + (6~a)fl; ’ 

r{ij 


by the method of Ex. 25, ; 


/. n must be <1, 


<’-^^)''(4-”)-Ti;. 

2 

r r sin«-igcgg 
jo (a + jScosg)’^ jo 


a - - 


- % nir 

sin™^7r cos~~ 
2 2 


, by Art. 262, .*. etc. 


28. The 


2 2 


(a+iS-2^sW|)” 
- 2” f cos^-'^gcgg 

Jo (a+j8-2j8simg)"’ 
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if sin^^ = cc, the inte; 

of Ex. 25), 

29, lix'^=Zj 


igral = 2’^ 

2.-.{r(?) 


^ ^ k’ •’• (^y method 


(o+jS-a^a:)”' 


1 


m 

dx _ 1 

dz 


(c^+/3)%-^r^ 


: = etc. 


and 


f^c^idx^ riv-’-(i -2)"” = 

jo ^ jo 51 jo 71 71 

( 1 - 

if < 71 , = i - — , by Art. 262, 


,571, , 

r - n 


r(i) 


Ili 


•51 . 'HIT 

sm — 
51 


30. As in Ex. 25, 

pa;''-i(l-a5)'Ma;_r(5i)r(l-5i) 1 _ tt ^ bv '^rt 

jo I + Ciu ^ r(l) * (1 + C)’^“‘sin5i7r’ (1 + c)^’ 


262. 


31 . Sin ax sin^cir = J sin aa;(l - cos 2cx) 

= J sin acr - J sin(a + 2c)a; - J sin (a - 2c) a?, 
and this is unaltered in value by changing the sign of c ; c may, therefore, 
be taken as positive. Thus, by Art. 285, if a > 2c, numerically, as a is 
positive or negative the given integral 5i, say, 

=±7 + ^+^ = 0; but if a<2c numerically, as a is 
4 o o 

positive or negative, -- =d: T ; lastly, if a =±2c accordingly 


“4^8 "8 


This is assuming that neither a nor c=0, for then u would vanish altogether. 


32. The equation y = J coB{9x)dd is unaltered by changing the 
sign of X, therefore the locus is symmetrical as to a; = 0 ; and 

2j/= rjE(i±^^dff+ r^Eiiz^dd, 

Jo e Jo 8 

and by Art. 286, y = ^ if (1 + k) and (1 - a:) be both positive, 

TT 

y = - 2 if (1 + cc) and (1 - tr) be both negative, 
y = 0 if (1 + ic) and (1 - a;) be of opposite signs ; 


and 
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IT 

also, if one of the two quantities (1 + a;) and (l-a:) vanish, ?y-±j accord- 
ing as the other of these two quantities is positive or negative. Hence for 

® TT 

the locus (1) ultimately from = to x-\, y - a finite straight line 
parallel to y = 0 : (2) from x = l to co , and from x = - 1 to — oo , = 0, i.e., 

two infinite parts of a straight line : (3) 2/ = -^ is impossible, for the sum of 

TT TT 

two negative quantities cannot = 2 : {4:)ii x = -l, y--g, and if a: = 1, y = 
which values correspond to two conjugate points. 

33. By Art. 292, ^ = 27rloge"'“ or 0, as > or not > 1, Le., as w is 

0 ^ 

negative or positive, and therefore for positive values of sin y=0, and for 
negative values of sin - , 2/ = - 27r sin ^ (and therefore y is positive). Hence 

the locus consists of an infinite series of segments of y-0, of length ira at 
intervals = 7 ra, the intervals being bounded on the +y side of the axis of x 
by equal concave arcs. 

iir 



34. Here 2 /=+N'^i^^ + 2a;sin^-i-l/ =±(a; + l)+(a?- 1), 

/■? 

the ambiguities being so taken that both icH- 1 and a; - 1 shall be positive ; 
if then x>l, y = 2, part of an 00 straight line ; soifa;<~l,2/ = ~2; and if 
X lie between 1 and - 1, 2/ = 2a:, a straight line connecting the other two. 


35. If sin a; sin 2/ = sin 




a Jo 


‘Ifx 


u= I j sin xsin''\smxam y}dxdy= j j 


0^0 


f dxdd---^—-~^-^ ' ^,' or changing the order of integration, 
\/ahrx “ sinrd 


Jo Jo 


.= ffd0d^.yj^l££^=~ I^d6. 

JojB vcos=^0-cos'a: Ja 


= rde. e cos e. ^ = 1{e sin 0 + cos 8) 

jU U ‘ 


8oos8sin-^^^/ 
cos 6 


-1 . 


2\2 


36. Here (1) i e-’‘!'sinaxdx = -„-JJ-r.[-ysmax-aoosax) 

a''+2/" • ‘ 


X=ai 

x=0 


as .in Art. 12, and 
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^ ^ = =+^, as a is positive or nega- 

tive:ajid(2) = /^ =-. 

n 20 SllT TT 

e^^ydxdym^ax- 1 -dx = ±~, as a is positive or 

Jo " 

negative, by Art. 285, which is therefore corroborated by (1). 

rx - ^ 

37. By Art. 286, / e ^ ^‘^^dx = > e-^^, putting 2 for cr, 

Jo ^ CL 


i 


_ /a:^ I ff'c-N 

I a 2 


Hence 

j. , differentiating with respect to /c, 


rx - / 


I e 


Jo 

rx -K\ 

/ 0 o» 

I ^ 

\a^ »-/ 

Jo 



-JO 


V • -r® » 

2 \//f 






. when /c=l 5 


l-±] 

\/K 2}CP 

/ 2 2 \ 

f‘°fs:\a\~ , a.v’^ 5 _5a^T 


Also 


{ 


■" "(4^^’) V’r 


Ke~^, 


differentiating with respect to k, 


Jo 


i' 


and when /c = l, 

V/c-a- a;-/ 46- 

” (I'*'!) ^ 

Va^ a^y 4es ' 


38. Changing to polar co-ordinates, the given integral 




'ojo^ 1+9 


. rd^df 


4jo ^ 1 


z 

■hz 
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39. Putting X, y, ... for y\ z^, ..., the given integral u becomes 



sjl -~x~y-z - ... 


and therefore, by Art. 277, 



40. Fill) = + 

Fiv) = A 0 + Ajire- -f ... 

= A Q + A ;|;Cr cos 0 + ^2^:2003 2(9 + ..., 

2 

and so + a^x cos 0 + 20 + . . ., 

;. H^(^i) + i^{i;)}{/(^0+/(^)} 

= ^0^0 + + ^ 

+ x\ai /I icos20 + a()A.2 + a2^o]cos 20) 

+ #[(citQ Jg + ag^lo)cos 30 + [a-yA^ + ^ 2 ^ 1)008 0 COS 20} 

+ 4 + ^4^ (()cos 40 + (^1^3 + a^A i)eos $ cos 30 + a2-^2cos220} +. . . , 

and this involves three types of functions of cosines, vi;:., (1) cos??-0, n 
being any integer ; (2) cos r0 cos s6, r and s being integers ; and (3) cos-n0 ; 

and(l) f;os«,ed0 = ?i""^/^=O, 

Jo 11 lo 

[tt I'T^dO 

(2) I cos Td cos 6’0(X0 = ~^(cos r + s0 + cos r - 6*0), and as in (1), = 0, 

Jo Jo ^ 

(3) J coshMd = (1 + QO%2nd)dd = 

Hence i jj^F{:u) + /^"((.0}{/('it) -Vf[v)]de 

and /. aQA(^’\-a^AiX-^‘CLA.pA-\- ... 

= J- f{m + ^{«)}[/(«) +f(v)}d8 - a„A,. 

^ttjq 


41, If «„ + a-^x + a.,x^ + . . , =f{x), then by Ex. 40, 
+ ci^x- + a-roA + ...=- +/ lv)fdd 
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Hence if (1 +a;j"=/(a:), putting £8 = 1, the sum of the squares of the coeffici- 
ents of the terms of the expansion of (1 -ha:)", when n is a positive integer, 

= _ H- i pe{(l 4- + (1 + e - ev~i)«p 


V 

= _ 1 + ^ + (1 + 


V 

= -l + - f + 

_j_ g - wfl V - g - 0V^1 \mJ2 

Tf 

= -1 + 1 1 de cosine cos-xff . 22(«+i'. 

Trjo 

It follows from Algebra that when w is a positive integer 


1^ IT f, 

cos-'e cos'him = ■ 


42. From Art. 290, the given integral = ^e-', or as c is positive, 

negative, or zero, and ®'®‘ 

cording to the value of c ; for suppose e positive, then 0-' = ^ = oo, therefore 

^ = 0 and similarly if c be negative and if c = 0, 

l + 0-« l-f0“ > J o 




H-O-0 1+0' 2 2 
-f 

43. If M = / 0(sin 2a;) cos xdx, putting x for 2a:, 

« = ^(sin 2 :)cos ‘(pisin x) cos ?d(; + J ^ (p(sm x}aos ?dx 


= : 0(sin x) ( cos ^ + sin 


1 \ 


;in|)<fa; = ^[V(sina;)sin(^+|)cfa; 


'<f>{cos x) co^^dx, and if cos x - cosh = 1-2 sin^^, 
2 " 


= Jl 
^/ 2jo 

sin ^ — sin s, therefore cos ^dx = cos zdz, and 

2 tsj2 ^ 

T, ^ 

= _L I ‘'(j){Qosh) , a^/ 2 cos ?dz - / 0(cos-a;)cos xdx. 
\/2jo Jo 
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4-1-. j cos f a; si n y ) cZ?/ = J r7.^^ 1 - _j_ ] . . . ^ 


Hence 


-TT r. 

, a:2 14 

3.1 

^2l 

\i' 

4.2 

= !rfi 

_ , a:'* 

a;6 

2\ 

22 2^2 ■ 

2^4^’. 

r“ «- 
e-^2:“ 

: dz 1 

n =; . 


Jo 

^ 5^J 

nz « 



in the 

same 


45. If 2/” = s, 


if 1. 

n 




, by Art. 262. 


46. By Art. 286, 

/"» '■(a;-4-^) /— r* /— _«>« /ici? 

j . e ^ := /. j fZa:e ^ ^ ^ S 

and putting k - cos 26 + sP^ sin 2d 

and k' = sin 26 -i- cos 2t?, 

as in Art, 303, the given integrals are given respectively by the real part 

and the coefficient of -.spl in the imaginary part of but 

sj K ^ 

1 


\//c = cos + 1 sin0 and -f = Qo%d~sl-]. sin 6, 

VK 

vV = I cos - 2^? + V ~ 1 sin ^ - 20 


I 

= cos 


kk' = cos 0 co.s ^ -- 6 — sin 0 sin- - i 
4 4 


1 


+ ^^ - 1 (^sin e cos I - 5 + oos 9 sin | ^ 
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*■ , :?• ' . : 

. u ='V?(oos e - sin 

. ■^''='^/ff(cos0-^^^sin^)e-''(cosa-\/^sina) 

^ .■iVrt-“{cos(e+a)-N/^sin(9+ci)}, etc. 

In tLe given integrals neither cos 29 nor sin 29 must be negative, and 
therefore the result holds if 9 lies between 0 ana 


47. If tt=r(a:)r^a;+iy. v{x+^'^=T[nx]{‘2.i:) s J'” 

log u = S?og r(a:) (when « = oo ) = It. of log{r{»a:)(2ir)^)i^'”}, 

X 

and patting dx for \ 
n 

1 * rJ-l 1 W ■“ 1 X — yiX\ 

■ log Tix)dx = It. of i log{T{nx){2ir) 2 }. 

C 


48. By Art. 282, when n is infinite, 

r(?2) = e"V(2?i7r)^, V{nx)-e~^^{nxy^‘^{2T)^{iw)^, 

f''logT(x}dx = lt of hog{e'^(nxf^{2T}^nx)k2T)~^n^ 

Jx 

= ^ nx + log n + Tiaj log a; + 1 log 27r + .| 1 og £c| 

- - ir + a; log a; + log 27r. 
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Examples in the Text. 


Art. 314. In formula (4) of Art. 309, putting I = tt, 0(a?) = 6"**, and 

(1 „gaircos?l7r), 


f’ 

JO 


7 nv-n cos nv) i^{ a t on _ 

s^n^^^;.e“"d'y = e ®®2 , ,, -j (Art. U) = ^ 




or + 71^ 


and .*. e^= - e^’^cos ?i7r)sin nx. 

IT ia^ + 7i^ 

This holds from a; = 0 to tt, hut obviously not when a: = 0 or tt, therefore the 
limits are excluded. The series would be unmanageable if the limit I were 
retained. 




f ^ /tt 1 ^ , - 

also / cos nv . — ,,(a cos nv + n sin nv] = --i 

Jo a-+n- /o a- + gi- 

1 gO?r 1 O Qo ft 

and /. = + ~ 2 “o — :;-{6®’^cos nr - 1 )cos nx. 

r a r lO^ + '/i-^ ‘ 

This holds from as = 0 to a; = r, both inclusive, by the text. 


Art. 316. Here (p(x) is sinaa:, and in formula (4) of Art. 309, putting l-r^ 

V . , 1 

sin nv sm avdv = ~ j {cos(u - a)v - cos(?i + a)i^dv 


and .'. 


„ / sin (?^ •- n )v __ siri(»z a)v \ ! f sin(y^ -a)r sm{■;^ + u.)7^\ 
l 2(n-a) 2(B + a) ^ o~2l n-a n+a S 

1 sina7rcosw7r.2;i nsinaTr , . ^ 

“ - o cosjiTT, a being a fraction, 


sin ax = —2 si»,? 2 a; . 

TT 1 


71 Sin ar cos ?27r 


, TT sin a a; _ s in x 
' ’ 2 ‘ sin ar P - 


2 sin 2a; 
2"~a^ 


+ 


3 sin 3 a; 
3"' — u" 




This formula in general holds from a; = 0 to a; = 7r both exclusive, but here 
both sides vanish when a; = 0, but only the right-hand side when x = r‘y 
therefore the limit a; = 0 is included. 


Art. 317. Here (p{x) is cos ax, and putting l=r in formula (3) of Art. 309, 


fir rir 

J ^{v)dv = J c 


cos fti’dy=:isin av/ 
a 


I sin ar , 
10 a ’ 


also J cos{? 2 ?;)cos avdi7 dv{cos{n + a)v -f cos (?7 ~ a)v} 


and 


, sin(7H'^^_^ sin(?t - a}r _ _ sin ar cos 7ir . a 
2(77 -ha) 2(71 -a) ^ ’ 


- - - 2/ cos 71X . 


a sm ar cos 7ir 


r cos ax 1 , a cos x a cos 2a; 


2 'sin (ITT 2ft'*'r---a- 




This may also be obtained from Art. 31 G by integration. 
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Al’t. 325. la tile second example, patting l-v in Art. 309 (4), 

X /-TT-a rir 

8111(51^).?;^^;+ I siIl{?^^7)a^^'y-i- I Qm{nv){7r - v)dv 

'>0. •'TT-a 


J sin nv^(v)dv becomes j 
\ n 


cos m) + sia m 


)r- 

Jlo n 


cosnv --cosnv 


n 


/TT-a 


V , 1 , 

- - COS ?i'y + - ^ sm nv 
n nr 


TT-a 


a 1 . a. , TT 

= - - cos na + ”4 sin na - - {cos nir- a- cos na\ - cos 7nr 
n 71- 71'- ^ n 


TT TT T-a 1 . 

cos - a 4- - cos Wt - ~ cos ?l7r - a + — sm 7it - a, 

n n 7 7v 


- ~ sin ? 2 a(l - cos 927r), 

91 - 

/. = - 2 siti Tioi . ~ - ^ — ( 1 - cos nr) 

TT 1 92 - 

2 j 2 ^ ^ , 2 sin Bx sin 3a , \ 

- J eni oin /V -u. -j.« ^ ^ ^ v 


= -• , sinajsma-h" 

TT li- 


32 


In the third example, using Art. 309 (3), and putting I = a, when x is 

I'd I'd Qip 

jiositive, ^(v}clv= / c?y(a-'y) = --, and 

Jo Jo 2 

f 0(?;)cos — dy= f (a--'y)cos — V?y 
Jo a Jo a 

a. . - nwv!^ f 9?,7r?r^ / a 

= — (a~v)sm — / - - cos — /=- — (cos927r-l), 

nir a/o \9i7r/ a /o \n 7 rj 

, 1 2 ^f aYf 9 i 7 rai 

.. a-a;=- . — --2 — (cos7i7r-l) cos — 

a 2 a \9i7r/ a 


a ,4:ci 


2 9r-\ P 


TTX StTX 

cos cos — 




. .irx JBttx 


- - -r 
2 TT'-^ 


P 








cos (271+1) 


291+1 


4 o& 9 r 2 . 

-g, .. ete. 


If X be negative this clearly = a+x. 
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In tlie fourth esample, for values of % between - w and r, by Art. 310, 
a; = 2{sm £C - 1 sin 2a: + sin 3a: - . . . }, 

/. by integration = (7 - cos a: + + , . . , 


..Swhe...O, = 

111 the fifth example, putting Z = 7r in Art. 309 (4), 

'TT r<^ rTT 

Qinnv ,<p{v]dv hecome^ / sin(?iv)smA:c?i;-f / (O)cZ-y 
0 Jo a 

= l[“{cos(r.-^)«-cos(a+l)r}du 


etc. 


1 

sin(^ 7i-~]a 

sin/^ w+~V 

1 


\ ct/ _ 

\ a) 

1 " sin na _ sin ?ia"| 

"2^ 

w 

71- 

a 

n-\r- 

a 

2- 

1 71-^^ [ 

1 a:s a) 


1 =-^ 


aw sm na 




sin nx _ / sin x sin a , sin 2a? sin 2a . \ 

^(a?) = - ira— - -y-- -j- + — — +•••)• 

w - TT- \ TT*' “• a-' tt- - 2'^a- / 

In the sixth and last example, putting ^ = tt in Ai*t. 309 (3), 
|^0(r)dy= [ = ^ = and ^’cos 


= f GOs{nv} - v-\lv = J sin ^ — sin nvl ' + ? 

Jo \4 / 471 2 71 lo njo 


sin mdv 


Ik 

2 / " 2 . 7iw 

V cos 7iv + Sin — = 
'7r u 7t 2 


TT tJTT , 2 . ^TT 

--oCOS-?r + ~sm- 
Tir 


2 2 




. TT . StT 

COS a? . sin “5 cos 3a? . sin 



P 


3'‘ 


q/cos?i? TT cos2a? ^^2t, 
-2(-^cos-+^,..cos_+ 


■■) 


7r-,4/C0S:r COsSci? 


.. , \,cyf<^os2x COS 4a?, \ 

= 12+wi--r— 3»-+-j^lT"T+-> 
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Miscellaneous Examples. 


1. The limiting curves for y are the circle x- + 'if -dr, and the parabola 
- 1 therefore the area of integration, which is 
bounded by the two curves and the axis of y, on changing 
the order must be separated into two parts, and when y 
lies between 0 and from s/aF—-2a^ to s/a’^ - y ^ ; and 



when y lies between g and a, a; oc from 0 to sJa^-y^, Hence the 


given 


integral becomes 


I 7 y)dydx+ / / <f>{x, y)dydx 


2. The limiting curves for y are the circle + = 2ax and the para- 

bola y"--iax, and to change the order of integration, the 
area of integration, which is bounded by the two curves 
and a; = 2a, must be separated into three parts, thus: 
from 2 / = 0 to y = (1) ^ Qc from ^ ^ 2/^ 

(2) X oc from a^s!¥-df to 2a; and from y-a to 

'u ~ 2asj2, X oc from - to 2a. Hence the given integral becomes 
ia 

far2ct 

o y)clydx^- I I (j>{x^j)dydx^ j l^cpix, y)dydx. 

0 ^ 4a 



3, Changing from y to v, and therefore eliminating w, 


2/ = 


vx 


l-v l-v 


dv (l-i;)- 


a?H-/y 


therefore the limits of v, corresponduig to those of t/, are and 


so 


rcrJL, 

that the given integral U becomes v)dxdv. 

JOj a ( 


(1-^y 


MilU. , 

cfc + 1 6 H” 1 

: next, chang- 


ing the order of the integration, since the limits are all constant, 


jl 

bnf 


ir=n 


xdvdx . 



CHAPTEE XIII. 


]03 


now changing from a: to w, and therefore eliminating 2 /^, 

X = u(l - v)j = 1 - V, and the limits of u are 0 and 

du 1 - -y 

^ c 

U- v]udvdi(, 

a+l 

where ^i{u, v) is equivalent to <p\u{l-v), uv}, 

4. Changing from y to %\ and therefore eliminating 2 /, 

l~v l-v dv ( 1 - 2 ;)-' y’\-cx 

therefore the limits of v are 0 and ^he given integral 

U = / v)dxdv. - 


therefore the area of integration, regarding v as an ordinate, is bounded by 

, and a? = a, and the hyperbola meets 
respectively : thus to change the 


v=:0, a? = 0, the hyperbola ^ = r , 

0 T cx 

x=0 and x^a where and 


& + ca 


order of integration, the area must be divided into two parts, and from 

^ = 0 to — X oc from 0 to a; from 2 ; = --^ to 1, a; oc from 0 to \ 
hi-ca o^ca 


cv 


Hence 


rr_ v)dvdx_^ p- v)dvdx_ 

^~Jo Jo iiio irriF" 


b+ca 


now changing from x to u, and therefore eliminating y, 

v..v+cx = u, = and the limits of u are (1) 0 and and 


dll 

(2) 0 and - ; hence, since ilx.!!! 

’ V cx cu 


l~v 


b ca o 

U= v)udvdu + J\(u, v)vdvdu. 

J+ca 


If c= 1, this agrees with the result of Art 240. 

5. To change from % to u, eliminating v and w, 
dz^Zu\ 
du xiy 

to change from y to v, eliminating z and w, 

V \x yj 
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dv ‘ \y^ J v-lt 




)-[xyz - xy-) ~ ¥^- y) ’ 
and to cliange from x to wr, y and z must be eliminated. Now the first and 
second given equations give 

+ = and the first and third given equations 

give {y+s)“ = ?o--a;-+_=— (v-a7)2, consequently; therefore, 

dw , I ^ ‘luHv - x)^ 

ax tc- V’-x^ 

v-x = x{ ^ 

\yz-)r‘zx-\-xy J yz+zx + xy 

dx x^ ?;%- yz-\-zx + xy vyV 

= .T + H- (- 2/i±££lj^lK^ ) „ 2(^2 ) 2 

XX? X 

e = + 0C7JZ + (y + z)[zx + xy + ?/2 - 2xy ^ 2zx)} 

- ^2{a3^ ~ ccy- - xyz + yh - xz^ + yz^} 

{x-y){x-z){x+y-hz) 


and 


x-^ 

x-n 


^~y{{x-\-y)x--yz-7?} 

X” X 


■■■//I 

[x - y){y ~ z]{z - x]dxdydz 



:=U = - 

■J J 

-du.- 
xy V- 

.f^ Jv. 
x{z-y) 1 

= - 


V 


f f f Suhcdudvdio 

J J j J „ , 2!in-y 
n^'+Tj' 



6. Here t = ? = x^^\ therefore 




/Jt 

— =2nx^^~\ and 

fZ"'^dx = 

. re-^dr 


CiX 

JO 

Jo 2n 

Similarly 

re-’=’'dx=-r(l); 



Jo n \ 71 J 



and j 

^ dx ^ r dr 

1 



2»-l 

nr -« 

‘ 2«(1+t)’‘ 


wxHio 


-Mrfl) 

2» W) 
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.ifj^ = 2,.and = 

r _^= r ^^(1 -y)» 


2njo 

:. the required result follows. 
7. If tan 6 = x, j 




yi 
i-i 1 


2w pyi 


tan Q log cot MB 


=_ rEi££5f.^ = - \\x.x\ogx{\-x^^x^-^...) 

Jo 1 + X'' J 0 

= - j dx log x(x - x^ + -r*^ - + . . . ) 

, /ir- x^ .x^ , \/^ , x^ , x^ , 

= -lOg«(_--+_-+...)/^+(^--,+ g,-+;. 




f.l-1+i- 

.')=]/ 2.-!- 


V2- 4- 

J 4' 


1 4V S 

6 ) 


8. Transforming to polar co-ordinates the given integral 

O 0 
■.eoa^flsiiL*^/5« 


^=ior- 


[7= fTe->-*^.rdedr= 

jojo Jo./o 


i/o -2F--r^-4?’ 


where = cos^^ + sin*^^ + 2 cos^^ sin-^ cos a 

= 1-4 cos-^ sin-^ . sin-5 = l ~ sin^- sin-2i9, 

Jj 


U 


do . fjw J0r ^ 

•''' 4 ^ ^ 1 - sin^^ sin^ 2fl^ ^ _ gin2“ sinS^ 

9. J sin(?za?® + a) 

- r /^-?AQt2d-A/^)+g\/^ _ ^■^nx%0i2^W^lhCL\/~l] 
""jo 2JZj^ ^ 
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and, therefore, by Art. 272, 




4V -nXj cot 2iS - isTl. Jcot 2/3 + \/ - 1 ^ 

1 V^I^^^{(cos a + sin a)(cos sin /3) 


- (cos a - V - 1 sin a) (cos /3 - 1 sin ^)} 


1 /7rsin2d . , . 


10. If the given integral be denoted by 


dn _ p c^Wl - t an^rr _ c?a? cos Wens 2a? 

Jo l4-?i-(l~tan-a:) Jo l + (1 +2?i‘^)smbi’ 

therefore if V 2 sin a’ = sin z, and therefore \/2 cos = cos 

C6Z 


cln 




dll_ /* " COS zdZ r 


0 1 "i" 2?1‘ 


» „ ^2 P cos^zdz 

(^+2?^*■^)cos%+l 


J— — ) 

1 + 2/i2 jo V 1 ( l+2?^^)cos% / 




(^25 


^ __^/2_ __ 2V2 

2 l-i'^ii^ l+2n-7o 3+2n^ + (l + 27i-)cos22: 

_ r V2 \/2 /’’*■ 


2 1+2/i^ 


i + 2Wo3+2?i2 


+ (1 -h29t-)cos s' 


, and by Art. 14, 


Ex.]4/jl‘ = r ^ ^‘2 _T,p 

2 l+2»“ l+2;i^ V('4+4 b^)2 2'^ 


where P = 


V2 


and Q = - 


] 


and 


1 + 2713"-- (l+2,l3)Vr^’ 

j Pdn = J = tan-3{nV2) + a constant, and if n = cot 0, 

fnd„--f ooseo 20 (f 0 _ fd<j,s.iari, . 

i(l+2oot3,i)ooseo9i~ (003 0) + a constant, 


and .-. «i = |tan'Hnv'2)-|tan-i -pL— :+c, 
" vl+?^^ 

and when =: 0, w = 0, therefore c = 0. 
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11. If ^ be a function of <?, tbe definite integral gives the functional 
equation /(|) = some constant independent of B and therefore of =c say, 
therefore ?/ = co;, a straight line, and /(^) does not really involve If | be 
independent of the evaluation of the definite integral gives /(J) = some 
quantity involving f in general, and therefore the form or value of the 

(9 

function is determined. In this case, putting tan ^ 

- r sin(f2;)2c?3 _ f' ^sm(iz)dz 

Jo sin^sec^^ ^ ^ 

2 

TT TT 

and therefore by Art. 285, /(?) = „? or as | is positive, 2 ero, ornega- 
tive. Hence y = -a;, 0, or --ra:, as sin a; is positive, zero, or negative j thus 

TT ^ 

from a? = 0 to TT, y- - cr, and so on, and therefore the equation y - :r/(sin x) 



geometrically represents an co series of equal finite straight lines termi- 
nated at one end by the axis of x, and alternately on either side of that axis. 

12. If an element As of the curve connect the points P{x, y, z) and 
Q[x-\'i^x, + Ay, z + Aa), and y 2 +s 2 -^, 2 . g^^d if the curve revolve round the 
axis of X through a small angle A^, so that P and Q take the positions P\ 
Q', then PP' = 7A0, (3Q' = (r-f-Ar)A0. The corresponding element of sur- 
face generated is the area of the skew quadrilateral PQQ'P', which can be 
divided into the two plane triangles PQP'y P'Q*Q. Since PQ = ^s=FQ\ and 
PP' = QQ^ ultimately, these triangles are equal. Let A be the area of each, 
and Ay^ be the projections of A on the co-ordinate planes ; then the 
co-ordinates of P' are respectively ar, y+rA^.? or y-f-sA<^, and z~rA(j). 

T T 

or z-yA^; therefore 

+2Aa. = the projection, on the plane of yz, of the area PP'Q 
= zA<l>{2z-yA(p) + (Ay - zA(l>){2z+Az - yA0) -- Ay(2z + Az) 

= - yz{A((>f + AyAz - yAyA(f> - zAzA<^ + ys(A0)- - Ay As 
=-{yAy-^zAz)A(p ; 

±2Ay - - yA<l>{2x) -f- [Az -H yA(j>)[2x -f Air) - Az[2x + Ax) - yAxA^, 
and ±2 



108 


todhujtter’s ixtegkal calculus. 


Hence the area of the skew quadrilateral 

and therefore the surface generated in a complete revolution 
= ^/{(?/%+zda)H(y^+a-)(fZa;)'} 

= 2?r J V[(yd)/+zdsp+(y'-+s2)(<ia;)2}. 


13. If the roots of x^+I}x^+a^ = 0 be all imaginary, the two values of 
as- in (a;^)^+6as-T-a- = 0 are either both imaginary or both negative, there- 
fore either 5-<4a^, or 62>4a-, and b is positive. In the latter case, if 

6^ - 4a- = 4c2, -f Ja;- -f ^ j - 


and 


0 a- + 6ir- 


I'W-A 

■bx^ + x^ Jo 1^,0, & 
+0 


|-C 07^+ ^ + C 




1 


1 




h I 4c[h ‘ b\ 
+ cj Vg-c 


" Vh VI 

_7r J b TT -‘2a __ T 

'40 


-hi 

a 


This still holds if c be imaginary, if 6-1- 2a be positive, and therefore a be 
taken as the positive root of a\ If ir =~, 


r = r 

Jo a^i-bx'^-rX'^ Jo 


dz 


.=ir 


dx 


1 -f 6-- + a- Jo I , 6a:- , / 

-r — X* 


a- a-^ 


and therefore by the preceding, or in the same way, the result is 


a"’ 2 /f^Y2s/b+2a 
aV a 


AUUt : 

x'^dx f'°dx 
Jo d^+bx-^-hx^ Jo 2 


1 




1 


1 


a;‘--j-^^-c + rr2-f-|~c 


2c , b 


x-+^+c, 


and so on as in the first case. The integrals are both clearly essentially 
positive if 6a;--f a^ = 0 have no real roots ; therefore even if 6^ > 4a^ and 
6 positive a must be positive. 
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14. In Art. 309 (4) putting Z-tt, as in Art. 324, j sm{nv)<p(v)dv becomes 


I 


and 


sin(7Z2;) . vdv = -~ oo&nv+~^&mnv I = - ~ cos ^ ^ sin 
n 


O 00 I 

d>(.r)= -z sin^ict’V 

TT 1 \ ir 


1 

io 

UT 


T 

2n ' 


JlTT , 1 
2 


rnr 


sin- 


r)7r. 

TT cos~\ 


2 f sin X _ sin 3.c sin 5x I 


r\-W 


3^ 


5- ’J 


f sin 2a: • sin 4:X sin 6x 'I 
4: 


etc. 


L A = 


CHAPTER XIV, 

raOo rctSo 


2 0 7a Mo Mo 

and M = / Trifdx-^ / dx (Art. 333), therefore if 

2 jdQi j(i6i 

3£=t I \de{mf^a{e, - «i) = . 

jQl t'o - O' 


x-ad. 


2. If c be the greatest range, then when 0 is the angle of elevation 

c 

the range is a sin 20, therefore if the ball reach more than — , Q must lie be- 

1 /1\ ttI /1\ ^ 

tween ^ sin"M — j and ---sin~M~ j. Hence by the method of the latter 

part of Art. 335 the chance required 


a cos 0d<j5» , add-r2Tvar - sin 9 


-1(1) 


UjmM(l) 

= cos iS - sin B, if sin 2/3 = and therefore 
2 sin /3 cos jS = -i and (cos /3 - sin = 1 - \ therefore 


the chance = 


V 7)1 


3. If the diameter = a, and with the point of projection as pole the 

TT TT 

circle be r = acos0, then with a given value of <p between and for 
favourable cases (xsin20 must not > a cos^, 6 being the angle of elevation. 
Thus the limits of $ are (1) 0 and (2) 2 ’ 
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] jy the method of Art. 335, the required chance 

TT , TT 0 TT 

cos Odd-^- / cos Odd 


2 / d<p\ I cos 0d^-t f 
Jo Jo Jtt 


T 0 




2 

V2Jo 


d(j) sin t 

JJ 


1 9 

= i+;(l-.v'2). 


Roughly this may be taken as equal to -J. 


4. The centre of the face of the cube on the table must lie on some 
line joining two consecutive lines 
of the system and perpendicular 
to both. If X be the distance of 
this centre from one of the two 
lines, and 6 the angle between one 
of the diagonals of. the face and 
the system of straight lines, then 
if the cube do not rest on a line of 
the system for a given value of 6, 

[ X must lie between cos d and c - cos 6j and all varieties of cases will 

. TT 

occur by varying d from 0 to Hence the required chance 




“cos 
J2 


n/2 



TT 


T 

dd[C'-asj2 cos 6) 


TTCV 4 / 


1-i?. 


TTC 


In the limit 0 of 6^ it is assumed that < c. 


5. If the ellipse be given byr=^- 
Jol+ecos6'" TTjol 


I 


H- e cos (J'‘ 

I TT 


1 + e cos ^ 


Vl-cs 


the mean value is 
b, (cf. Art. 14, Ex. 14). 


If the abscissa, say ir, of the extremity increase uniformly, the factor by 
which the numerator and denominator of the fraction ~ must be multiplied 


is not Ad but Ax = Air cos 8) = Ia( -^2^ . - 

U + ecos 


I sin 8 Ad 
(i + ecosd)-’ 


and therefore 
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the mean value = 


Ihiuddd 

Jo (1 + ecos^)^ 


I 


^ I sin 
(I + ecos 6}^ 


“i(l-!-eoos<9)”V -rll + ecos^)"^ 

^ 'o / 0 


2\(l-ep (l+r^rO \l-e 1+eJ 


a. 


6. The rod (PQ) can fall at most on m of the straight lines where m 
is the greatest integer in r, or is r ~ 1 if r he integral, therefore n<r: and 
one end P of the rod may be supposed to lie on a fixed perpendicular to two 
fixed consecutive lines A, P, as it must fall between some such pair. If a 
he the distance between A and B, x the distance of P from A, then P is at, 
a distance from the 9itli line on the same side of B as A = a; + {/z-™ l)a. 
Hence the chance that the rod will fall on n lines at least is w, where 

r 4;(b 

u=: — , and X -f- {n -l]a- ra cos 0, 

Jo a 2 t 

or ^ — - 

and.'. 2« = -— I (p.msmipd4i = —(-^cos^ + siii^) ’’ 

r r 

'2i r J ^ 

= ’|moos-i^- {/i-l)oos-i -— + -■(» - 1 )- - ^/r^ ■- mI’I . 

2 

If n = r = 1, this reduces to which agrees with Art, 336, when a = c. 

TT 

If the chance he required that the rod should fall on exactly % of the 
lines, denoting such chance by and the result above by iin, r, clearly 

r = 1 + - . . + W'„„ 

and - %in, T “ liM-i, r = ||2n cos “ (7z 1 )cos - (m + 1 )cos 

■f si r- - [n - ij- + \/r2 - (?i + 1 )- - 2\/r2 ~ 71 - 1 > 
so long as n < m, but if n = Un, r = «n. 

7. If the arrows are at the points A, B on the target (of radius a), 
and A be at a distance x from the centre, the number of cases in which A 
lies between the distances x and aj + Aa- on a fixed diameter may be 
measured by aAa, which is equivalent to dividing the circle into a large 
number of very thin equal sectors, on any fixed one of which A may be 
supposed to lie. Also, when A is at the distance x from the centre, the 
number of cases in which AB <a, may be measured by the area X included 
between the given circle and an equal circle with centre A ; and the wdiolo 
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number of cases may be measured by iroP, Hence, if be tlie required chance^ 

Ca fa 

1”W= ccdxX-r f ajda; . and by geometry 
jo '' 

ix = 2^^? - ? u sin 0, wbere | = a cos 6, and therefore 


(l-t 05 = :2sm20cf^(25-sin2^), 

2 j| 


/tt tt 

{l-u)^ = ( - ^ cos 2^ + 1 sin 2^ Y' - f 

4 \ 2 / IT Jv ^ 

"S a 

2 6 4 12 SV 3X 

7r\ 4 16 / iT 


cos 4=9 


dS 


8. With the notation of xArt. 335, the number of orbits making an 
angle 6 to 6-^ Ad with the ecliptic, may be measured by sin dA(pAd, there- 
fore the mean inclination in the first octant 

,ir T „r /tt 

-I [^9 sill 6d(j)fij9 4 / / sin dd(pd9 = {--<? cos 6’ + sin <9 )/ =1 
Jo Jo Jo Jo 0 

= the angle subtended by an arc of a circle equal to the radius. 

Similarly for any other octant, the inclination being always taken as a 

i positive angle < ^. If a normal to the plane of the ecliptic meet a celestial 

sphere in the zenith, and a normal to the orbit of a comet through the 
centre of the sphere meet it in 0, then 9 and 0 are O’s zenith distance and 
azimuth. 


9. The parallels of latitude being circles parallel to the equator, when 
the territory lies between latitude and {9 + lf, its area, if i? be the 
radius of the earth (supposed spherical), is ^;-ij-.27rA’.i?{sin(0 + l)-sin0}, 
and therefore if Xjl, \o be the limits of the latitude, the mean area 


/'Xo-l 

= / {sin(^ + 1) ~ sin djtZd-f / dO 

Jx. 


P2 

= ^{cos{X 2 - 1) - cos Xi - cos XoH- cos(X^ + 1)]-4 (Xg-X;^ - 1), 
IbU 


the angles being measured in degrees. 


10. If ABj PQ, PS be the lines a, 5, 6', and AP^x^ the whole num- 
ber of different positions of PQ maybe ^ P Q g 

measured by a - 6, and so the number for R S 

PS==a-h'^ therefore the whole number of different and equally likely 
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positions of h and concurrently = [a - h)[a - h']: also, if x be great enough, 
and not too great, BS may take the position in the figure where PS = c, 
and the conditions for this are it’+c> 5'^.rnd and therefore 

a-h>h'~c, which latter and c<b<h' limit c. 'Now P may take any 
position np to il, and therefore the number of different eq^ually likely posi- 
tions of PS, subject to PQ and PS not having a common part > c, when P 
lies between,^ and P, is measured by AP = x + c~h', and therefore as the 
whole number of different positions of PQ and PS must be the same when 
S is between B and Q, the required probability 

2 /“■/, ^ (a-b + c-hr 

(a - b)[a - b'Jy-^ ^ ^ (a- b)(a - &') ' 


11. If the point be taken as pole, and r = the length of any one of the 
straight lines, then the area of the curve = I — — , and therefore the mean 

value of the squares, which = / r‘^d9^2T - - . area. 


r^TT I 

of the squares, which = / rM9-^27r - - 
Jo 71* 


12. Here a is measured in miles, and if M tak-es t hours he gets - 

» ct ^ 

shillings, and the shower begins not more than - hours after If starts. 

Then (1) if he is not caught in the shower he takes - hours and gets 

shillings, and for the probability of this hypothesis, if the shower begins 

after a time t hours, t may oc from 0 to ~ , and z from 0 to vt, therefore 

a> a a 

f fvf<^ V ['^ 1 

the chance = ( dtdz-^\ dtdz=-rJ vtdt--^. 

ioio JoJo “Vo 2’ 

therefore the value of Jf ’is expectation so far = — shillings. 

But (2) if the shower begins i hours after he started, t as before may oc 

from 0 to ”, but u must oc from vi to a, and If stops for ^ ^ hours, and 
^ n , ^ n ’ 

therefore gets shillings. Thus the value of his expectation is then 

V ?6 



V 

TT 
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^ WTO r _ a _a{u+y) ^ f + lU 
{ V \v %i vj J 

- loa 

~ a\ V ^ J ’ 


and therefore the value of the whole expectation is 
7iv,fl _n_^ u{ 2 i+v) wj^\ 
a 


_ log -31^ } shillings. 

12 ^; ^ u J 


13. The two systems of lines form a series of equal rectangles, and the 
centre of the rod must fall within one of these rectangles. If a be the dis- 
tance of two consecutive lines of one system, b the 
corresponding distance for the other system, 6 the 
inclination of the rod to the lines of the first system, 
c the length of the rod, then it will he seen that in 
order that the rod should fall on a line, its centre 
may rest anywhere within the rectangle, except in an 
area = (a - c cos d){b - c sin d) : and all varieties of cases will be included by 

TT 

supposing 6 to vary from 0 to Hence the chance of crossing a line is 



I {ab~-[a- 

Jo 


ccos^)(5-csin 


e)}dd-~ rc 

Jo 


abdO 


2 

irab 


|c(a + b) + ~(cos ^ - cos 0) j- = — 




TTCtb 


The result of Art. 336 may be deduced by putting a. = oo . 

This assumes that c < a and < &. li a >b, and c<a>b, the limits of 

b b 

6 are 0 and sin"^- in the expression for the area above, while from 0=sin-i~ 

TT ^ ^ 

to the chance is unity. Thus in this case the probability is 
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0 '\ 
f^c(a sin 0 + d COS 0}--^ sin aldd 


" “ 0 + r '^^ )} 

" ^ “■ - 6- + &^ + Trah - 2ah sin-' ^^| • 

If however c>a, the limits of 6 in the original expression for the area are 
cos-i^ and sin-1-, which holds so long as Of course, if c be 

not <sJa^ + h% the chance is a certainty, but if oa and <\^aF+lj^, the 

chance is [ ®/c(asin^ + 5cos ^)--"sin2^1^^?+ T ^ c2c?^ I^2d6 . 

L-ni 2 jTrab^L • 


14. If a and d have the same meanings as in Ex. and c be the edge 
of the cube, then as in Exs. 4 and 13 the centre of the face of the cube on 
the table must lie within an area ab - (a - c\/2 cos 0}(h - c^/2 cos 0) in order 
to fall across a line, and if c\/2 < &, the limits of 0 are 0 and j, and there- 
fore the chance required is 

,,jr V 

j {c(ce + h}i^ cos 0 - c^( 1 + cos 2d)] dd -r ^^dd . ab 

= + J) - of ![+!)) =M^Z.5V±2). 

TrahX \4 2// Trcbb 

If c = 6 or > h, the cube must fall across a line, but if c < 5 but c.^2 > &, the 

inferior limit of 6 in the above integral becomes cos-i-;-^, and the chance 
required is 

TT 

A CT , A cV2 

de <;(a+6)v'2cos0-c=(l + cos2«)}+A/ dd 

<;V2 

= ' (a+5)v'2?^-c2(|- cos-i^) - J(l 

4-a5cos“i— \ 


= — I 

Tab \ 


4c(a + b)- 2{2a + h) \ 2c^ - 6- - c-[t + 2) + 4:{ab + c3)cos“i"4(.) 


This includes the case when CfJ2 > a but < bs./2. By putting a^cc in the 
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above expression, the solution of Ex. 4 can be extended to the case in 
which the diagonal of a face of the cube is greater than the distance be- 
tween consecutive straight lines. 


15 . In order that the inferior limits in the integrations shall be all 
zero, the ordinates may be represented — the first by the second by 
the third by and so on, and therefore 

5 = their sum = 7 iZi + (w - 1 + (n - 2 )z.^ *f . . . -h ; 

and subject to all positive values of the variables consistent with this 
equation, the mean value of the rth ordinate is 
///’-(%+ Z .2 + . . . + Zr)dz/h 2 
“dzn-i 

since is invariable when are given. If now aq be put for 7izi, 

x,2 for {n - l)^r2, and so on, the mean value 

^ 4- 4- -f . . . -}- 
,n 71-1 71-2 ‘ n-7'-\-\ 

fJJ...dxidx, 2 :Xlxn^i 
subject to X1+X2 + ... + x^^ = s : but by Dirichlet’s Theorem (Art. 276 ) 

siibject to yi+y^+y-i+...<'h, is 

r(g)r(p)r( 7 )... 

" r(a+( 3+7 + . ,. + !)’ 



'^dx-ydx.y..dxn-i 



therefore putting any one of the quantities a, ^8, 7, ... equal to 2, and each 
of the others equal to unity, if p be a whole number between 0 and n, 
fff.. (subject to a’i + iU2 + ...+a:.n-i<^ 5, and the quantities 

all positive) =:s’^-T-r(?i-fl), and putting a = l = j 3 = 7= 


JfJ... dx-^d2 \.. . dxn^i = r(??,), 

and fff . . . Xpdxidx ^ . . . dx.^^ _ 1 -r fff , . . dx-^dx ^ . . . dx^ - 1 ~ • 

Hence putting p = l, 2 , r, successively, the mean value of the rth ordi- 


nate, if r < is 


-(-+ A: +—+...+ ~i 

7i\7i n~\ 71-2 n-r + 1 


The mean value of the ^ith ordinate = a - sum of mean values of the other 
ordinates, and it is easily seen that if this follow the law for the other 


ordinates, the sum of all the mean values = -^(1 + 1 + l to terms) = $, 


therefore the mean value of the nih. ordinate is 
n\ 7 i 9 i-l 2 


)■ 
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16. To prove where, if the circle be r=a, its 

centre being the pole, ^ = 27ra, Q = Ta-, ^ = the angle between the tangents 
from any point P, and dw = a.i:ea]. element at P, so that the integral 
extends over the whole area of the plane of the circle external to it. If 
P be [r, 6) the external area may be divided into elementary circular rings 
concentric with r = a, and such an element of area corresponding to 

P - 2Trdr ; also sin ^ therefore 

2 T 


dw('ij/ - sin ^) = 27r I rdr{ijj- sin 
j Ja 


and 


- cos %d\l/ = “ —cZr, and the corresponding Its. of ^ are it and 0, 
i 2 


the proposed integral = 27r / cos-^ ? (i^-sin^^^) 

Jo 2 2a 


= ra^J cos^cosec®^-2cot^^^ 

= - cosecV + 

jo \ siny J 

= + 2Ta^[ i - i ) = ttV = \[2mf - = J - •irfl. 


CHAPTER XV. 


1. If the given straight lines be 2 / = 0 and y-mx^ the chord is 
y-w!x-{-c^ where ml and c are functions of the co-ordinates of the extremities 
of the curve. Hence F=avK^/^-y- where a is some constant 

dV d ap 
^ dx' dp 


(Art. 378), therefore AT = 0 = 


-,2L-=k+&, 




-'k.=+. 


dx x/T+p' 
x-Vl 


dx Va=^-(a;+6)2 


jsy + c' ;= +\/a.^ - (a; -f b)\ 


and therefore the curve is a circular arc. Now it may be easily shown by 
the Differential Calculus that the area contained by a circular arc of given 
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length and its chord is a maximum when the arc is a semicircle. Thus the 
length of the chord is given, and any position of it connecting the two given 
straight lines will suit the question so long as neither of the angles between 
the chord and the given lines on the side of the chord opposite to the origin 

(on which side the arc must clearly lie) is less than for otherwise the 

Jt 

semicircle would cut the corresponding given line. If the area were a 
minimum the curve would be a straight line. 


2. Taking the pole inside the curve, 

the perimeter = / dd \/ , and the area= 

jo V \ddj Jo S 


■dd, 


.*. by Art. 357 


V = a/ + ar-, which involves only r and — , 

^ \d$J dd' 

dr 

JdJA^^dr dS 






V^- 


drV^ 

Jd 






'T 


. — -,==^=c, or, if <p be the angle between the tangent and 

M%)‘ 

radius vector, and ^ the perpendicular on the tangent from the pole, 
ar- = c~r sin ^ = c~p, 

=: - 1, or p = radius of curvature = a constant, 
dp 

and therefore the curve is a circle. 

This must correspond to a maximum area, for if the curve were an 
ellipse for instance, of eccentricity indefinitely near to unity, its area would 
vanish. The same result follows, by considering the curve as the limit of a 
polygon with indefinitely small sides, from Todhunter’s Diff, Cal, Chap. 
XVI., Ex. 2. 


3. If P, <3 be the two fixed points, PJf=7t, the ordinates, 

when the arc is the greatest possible, and h > Jc, NQ is a 
tangent to the arc at Q, and if r be the radius, d the Q 
angle of the arc, and I its length, 


r{i - cos 6) - - Xq, 

and eliminating r and 6 from these equations, I is given 
in terms of Xj^, h and k, and the difiSculty arises when I exceeds the 
value thus given. It is clear that if P, Q were moved to some points P', 
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Q' in MP^ NQ produced, the area would be increased, the arc would still 
lie between the ordinates, and the given length I of the curve could be made 
up of the arc and the straight lines PP' and QQ\ Adopting this form 
of solution, a maximum is now required of 

f l/dx+af [ i/r+p£?a: + j/i-A+2/„-4j 

IJxq j 

2 /i, 2/0 being the ordinates of P', Q\ Thus X = 0 gives a circle as before for 
the arc P'Q', and dU then reduces to 

(■ -^^ ) 52/1- (-^=-) 52/o + «52/i+aS2/o, 

and therefore equating to zero the coefficients of and d^Q respectively 
= - 00 , = 00 , i.e., the arc P'Q' touches the ordinates at P', Q'j so that 

P^Q' is parallel to il/iV, and which gives the 

positions of P', Q'. If however I > arc PQ but </i-k + r(xi - Xq), then P' 
will be at P, and therefore = 0, and Pq^oo as before, so that Q' is above 

Q but <Pif, and the arc PQ' touches Q'lV at Q'. 

N.B.— In the figure, P should be one extremity of the circular arc. 


4. If 2a, 2b be the lengths of the sides of the dish, c the given height, 
APB a vertical section in the plane ABOD of the 
roof of the cover (supposed cylindrical) parallel 
to the ends; AD, BG vertical and each = c, and 
therefore P on CD ; and AB, AD be taken as axes, 



the area of the roof = 2a / sJl +pHx, 
r2b 

and the area of the ends = 2 / ydx. 

Jo 

Hence V may be written Wl -t/P + y, 



ap . ap 

dy dx 


and since y is positive and must increase with x for some range of values 
from a; = 0, is positive for such values, and therefore h must be negative ; 


also 




sjd^-[x-li)^ 


y^ic--slo?-[X-llf, 


and the curve is circular but convex to AB. Thus the solution must be 
discontinuous, and may consist of two circular arcs as A P, BP. For both 
arcs A = 0, and therefore if the subscripts 1, 2 apply to the abscissa of P 
considered as on the arcs AP, PB respectively, as A, B are fixed and 
?/ is invariable alona DO, the terms at the limits reduce (Art. 368) to 




120 


todhunter’s integral calculus. 


\\dxi - Fofc, Lut dxi = dx 2 , therefore Fi= Fg as dxi may change sign, 
therefore \/ 1 -¥pi = Vl +!pi, therefore it follows that Pi = -P 2 , so that the 
arcs are equally inclined at P to UD, and therefore their radii being each 
= u, P is the centre of UP, which determines the arcs completely, subject 
to each arc being throughout convex to AB. Considering AP this will be 
the case if h be negative and /c> c. From the equation to AP, k=\I(P- 
and c-K = fJ Or - (6 - h)'\ therefore 

c - s/a^ - = ija-^ - (6 - hj\ 

+ C2) - + C2) + + C2) = 4aV + hW- + C2) - (&2 


and h is negative if 2ac'>lP-\-c^; the other condition follows symmetrically; 


thus • and >- 


+ d 

>c, a > — which > b, 


^ ^ , therefore if ^ ^ ^ . 

2c 2b ^3 ^^2 2 c 

therefore a> 6 ; if 5<c, which then > 5 , therefore a.>h in 

any case, and therefore the ends of the cover fit the shorter sides of the 

b^ + c^ 

dish. Supposing now that b>c, — is diminished by diminishing b, but 
increased by diminishMig c, therefore if a < ■ but > ■ , a discontin- 

uous solution may be obtained by taking A at some point A' in and com- 
bining the circular arc A'P (touching AB at A') with the straight line AA\ 
Similarly if c> 6 and ci< — but > , if P be moved vertically down 

to some point P', a solution may be obtained by combining the straight 

line PP' with the circular arc AP^ (touching PP' at P'). There is no 

^2 ^ 

other case if 5>c, because a>b, and therefore a>- 




2b 


li c>h and a<— - - , a solution may be obtained by combining an arc 
A^P' with straight lines PP' and AA\ 

Changing the independent variable from a; to y, if ™ = g, F becomes 
F^ = a\/l + and as y does not vary, the terms of the second order in 

the variation of V' - 


dx 


IS a minimum. 


2(l + g2)v 


3 , which is positive, and therefore the result 


5. If the centre of the sphere be taken as pole, and 6 be measured 
from that vertical radius which is above the horizontal great circle, the 

time varies as ^ ^ and 0 as the inde- 

pendent and dependent variables, F is a function of B and or p, therefore 

dd 
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,V=0, P = f, 


P = C=- 






CCOS0 


cos 


d^Jl + &m-e(^^-'f 5Vsin^e-c%os-e ’ 

therefore if sin 6=^n cosec ^p, 

dcf) _ - c?^ cosec \p cot "p _ - cos p 

dp n cosec p<\/i 1 + c-hi-co^eQ^p - T'”” ’ 

^ ^ /y — (l + c-)~sin-T/' 

0 + a = cos“^^^sini^^ say, .*. mcosec ^ = cos(04-a) 


or m = sin 0 cos 0 + a = cos a sin 6 cos - sin a sin 6 sin p, 

or in rectangular co-ordinates if the axis of x be vertical ?/ cosa - s sin a = m, 
or every point of the path lies in this plane, which is vertical. Of course 
m and a will be determined by the co-ordinates of the limiting points. As 
in Art. 386, approximating to the second powers of small variations, 
(5p)-sin-^.cg^ 

“Ij ^ cos 

if the man walk upwards but the time must be positive, therefore 

the lower sign of the ambiguity must be taken, and vice versa. Hence bU 
is essentially positive, and therefore the result gives the least time. 


6. Taking the plane to be that of yz^ the surface may be supposed 
given by z); and, as in Art. 376, the condition for a line of minimum 

length is 

as" ay ds-‘ dz 
dx 


Fere 

also 


ds ds"" 
of intersection, 


.’. in general 


^+^.^=:2a;. ^^=0 when a:=0; 

dy ds dz ds ds 

^ . ^=0, and when a; = 0, along the curve 

rlii (Is rla ° 


ds ds- 
ds 


= 0 , 


ds'ds^ ds^ds^ ' 


ds^ ' ds^'“~ ds ’ ds dy ‘ dz " ^ 


7. V - j?^sin X + and by choosing for the upper limit of 


X a value x^ w^hich makes neither p nor 2/ = ^ ? iior sin = 0, it is clear that 
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r= 0 if tlie lower limit approach in value to therefore it must be under- 
stood that the limits of x are fixed. Then the terms of the second order in 

the variation of V are (5p)2sina;+^^^^, and therefore to ensure a minimum 

sinic 

sin X must be positive throughout the given integral W, and 

Thus ~ = ^ which gives 

ay dx\ dp J 

^ - ~{p sin x) = ^ sin x + cos therefore 
sin X dx dx-^ dx 

^+'S^cotai>-2/cosec“ir= x cosec^x - -J— , therefore 
dx‘ dx sin X 

+ 2 / cot a: = - a; cot cr - /* ^-XQoix- 

dx j sin a? J 2 x 

cos^ 

fi^-x cot aj-i-log(l + cos a;) - c', therefore 

^ sin a; + 2 / cos a; = - a; cos a; + sin a; log{ 1 + cos x) - c'sin x, therefore 

2 /sina;~c-a;sm x-(l-c')Gosx-{l+co^x)\og{l+GOBx)-fBmxdx 
= c-aj sin x + c'cos a; ^ (1 + cos a;)log{ 1 + cos a;), 

y = c cosec ai - a; + c'cot x ~ (cosec x + cot a;)log(l + cos a;), 

p=^- c cosec a; cot a; - 1 - c'cosec-a? + 1 

+ (cosec a; cot a; + cosec2a")log(l + cos a:) 
= cosec-a'{ - c cos a; - c' + (1 + cos aj)log(l + cos a;)} ; 

and the terms at the limits give = therefore c, c' are given by 
putting a; = a:Q and x^ successively in the equation 

+ c cos a; = (1 + cos a;)log(l -i- cos a;). 

This is assuming, which seems most reasonable, that the limits of y are not 
given. Thus 

a: + 2 / - sin a; = cosec a?{c + c'cos tr-sin^a; - (1 + cos a;)log(l + cos a;)}, 

and F = cosec^x{d+c cos a: (1 + cos a;)log{l + cos a;)}- 

+ cosec^x{c + c'cos x - sin^a; - (1 h- cos a;)log( 1 + cosa;)}2 

= cosec3a:{(c2 + c'2)(l + cos^a;) + 4cc'cos x~2 sin2a;(c + c'cos a;) 

+ silica: + 2 sin^a;(l + cos a;)log(l -f- cos a;) 

- 2(c + c') (1 T cos ai-log( 1 cos a;) + 2(1 + cos a;)21og2( i + cos it}},. 
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U= (f^+ cosec^a 1 \_^ 4ea'co3ig _ 2e _ 2e'cosa; 

Jxq I \ sins; since/ sin^x since sin a? 

+ sin x + 2f -J— +^::£?^Yog(l + ce) - + cos a;) 

\snia; since/ sin-^a; 

“ 4{c + log(l 4- cos x) ^ ^ log(l + cos a;) 


f cosec^xdx 


4-2/^-^- + ^ - - j— '\log-(l + cos x)\ , now 

\ 3111 *^ 0 ; sura; sinxj J 

= - cot X cosec X— f dx cot X. coseo x cot x 


= -* cot a; cosec j dxicosec^x - cosec x), 

therefore 2 / cosec^xdx - / 4^ = ~ cot x cosec a;, therefore the indefinite in- 
J J sin X 

tegral U=-(c^ + c'^)Qot x cosec a? - 2cc'cosec% - 2c log tan | - 2c' log sin a? 


where P=2 


cosa;4-P4-Q4-i? say, 
r, / 1 ,cosa;\, 


F=2 dxf^, — 4-^?^^bg(l4-cosa;), or if cosa? = s 
J \smx smxj ^ 

P = -2jdz^log[\+z), 

Q = -2[c + c') [dx log(l + cos x){ ^ 

J \sin*^a; siu'^a; sin a;/ 

= 2(c 4- c')log( 1 4- cos x) . (cot a? cosec x 4- cosec-a;) 4- 2(c 4- c') 


_2(c + c') 


log(l4-cosa;) .(14-008 a;) 4* 2(c 4* c') log tan r ; 


and 11=2 f dx lQg-(l 4- cos x)(-^^ 4- - ^ - - j— 

J Vsm'^a; sm-^a; sinxJ 

=-21og=(l+cos*) .i±2£i^-4 

sin-a; J sin x 

= - log-(l 4- cos a;) 4- 4 r the indefinite 

sin-a; j l-s- 

integral C/" - - (c- 4- c'“)52^ - 2^^ - 2c log tan ~ - 2d log sin a; - cos a: 

® sin-ir sm-a; 2 ® 

™ 2 log(l 4-^) 4-2(c4-c')l±^log(l 4- cos a;) 

} 1 — % sin^a; 

+2{c+c')log tan ? - 20+5^ log»(l+cos x)+4: f *M1+!) 

2 sm-a; J 1-2;=^ ' 


and the two integrals in this expression reduce to 2 

= log 2 (l+ 5 ;). 


r&log(l 4 -;s) 
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Hence putting cosa:=s:, if % be the corresponding limits of a, the minimum 
value of U= "^bere 

^ (z) = - (c= + c'^) ^ - 2c'log(l + z) - z + log=(l +z) 

+2(c+c'}:ilog(H-z)-y^log-(l+z) ; where 
c'+cz= (1 +a)log(l +z) when for a are put Zq and in succession. 

8. Here 7=1^+—, where a and i/i are undetermined constants, and 

Vi ^ 

since Y contains 2/1, by Art. 372, 

tlie coefficient of ~ -^j “ 

2/1’ 2/1 dx 

2p = ^ + b, or 5 = -??, 

^ 2/1 2/1 2/1 2/1 


+ c, /. c = 22/0 = 2, and therefore 

c %i 2/1 


[ax^ ax 


+ 1 =”2/i = 


±--±-+1, and 22/1 = ;^-— +2, 


122/x 222x- ’ 

2/i + l = i§7 2/i-l = -S> •■• 


22/1 2/1 

3a . 2/1 + 1 5 

42/i " 2/i-i 9’ 


and.-. 2/i=-| and g = y. Hence ^5 = 

02 fl ^ /0\2 93 _ 1 12 

.-. the required value = — /(«:- 2)-aa: = j y . 

Now to the second order of variations, 

57= (Syi)'- y>iS2/}, 

5 U = + ^^(®2/ir - ^5yiS2/|da;, 

and i^Sydx-xiyj- \xSpdx = hj-^- \ xSpdx, 

Jo 10 Jo Jo 

8U= j^dx[{8pf+^^(dy,f+^Sp8y,}-^{8y,f 


and - a( 1 + 


122/iV 49 


_^/l_12 7 

49\ 7 ■ 12 ■ 2. 
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therefore dU is positive to the second order, and therefore the result ob- 
tained is a minimum. 


9. With the notation of Arts. 352 and 353, no limits being specified, 
the variation of fVdx may be divided into two parts 8 Ui and the 
former arising supposing v constant, and the latter from the variation of v, 

and thus dUi = JB[+ j Kdydx, dU 2 = j^^Svdx, 

and if N' represents for V' what N represents for F, and so on, 

8 v = J(JV' 8 ^ + F' 82 :>-h ..,)dx, therefore if and 1= Jzdx, 

dU^ = j LSvdx = Idv - j 

= I{H'+ jK'Sydx) - fl{N'Sy+P'Sp +...]dx 
= /(if' + jK'hjdx) - {Hi + jKihydx), 

where Hi, K{ denote what H', K' become when IN', IP’, ... are substi- 
tuted for i/', P', .... Thus 


, n„ dP.d’^Q 


-K.. ) + ... 




dO' , d?R' 


dx dx^ 




F=0{s) + cVl+j?, 

dU- f ^'(s)dsdx+c f -^^=-dx; and 
Jo Jo yJl 4-p2 

5s = 0 when a; = 0, and if J(j>\s)dx = J, 


‘^^S^dx-, and Ss= r-0^dx, 
\/l J^ vl 


[’‘- P lE^cc+ISsI 

Jo sjl^2y^ /' 


'"dx^t-, 

> \/l 


therefore if the limits of y as well as x be constants, 

SU=( fmdx+c) r^~ fdx^^ 

\Jo /Jo \/r+^2 Jo 

=-Cr rdx8y-^ — E — 4- f'^dx8y^ to the first order, 

L Jo dx Jo 
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therefore for a maximum or minimum 

V Ip g__ - P . 

d^ \'l +2^*^ d^ sji. sjl -j-p^ \/i dx 


(cs-/) — ^ therefore by division 

-{-p^ 

dp ^ P dl ,dp 1 ^ ^ds 

./ N n d . dy d 

#9) = C jy •• 

dy _ dx _ ds 

7'“c"-0(5) Vc'H{c"-^(s)P‘ 


Hence a? and y can be obtained in terms of s, and s be then eliminated; and 
the four constants which will be involved are given by the facts that 5 = 0 
at the inferior limits of both x and y, and 5 = the given value at their 
superior limits. So if 0(5) = 5, 


dO'=c[‘'-0=.dx+xdsl‘‘- 
Jo \'l+p^ lo 

= f%{c+a-x}-j^ 

JO \/l+j;2 


(“dxA 

0 Vl 


Hence the problem amounts to this : to find a curve of given length joining 
given points J., 5, so that f{a-x)ds shall be a maximum or minimum, i.e., 
that the distance of its centre of gravity from the line x=a shall be a maxi- 
mum ’or minimum. This is known to be a catenary, having its directrix 
parallel to the axis of y. Further, if A be (0, /c^) and B be [a, /Ca), and if 
k, 2 >ki it is geometrically obvious that there will be a maximum or minimum 
as the arc of the catenary is concave or convex to x=a) but if Ki> /Co, these 
results will occur in reverse order. In the former case the longest catenary 
which can be drawn from Bio A will touch the ordinate at A, and there- 
fore, if the given length be greater than is consistent with this, the arc being 
supposed to be bounded by the ordinates at A and B^ a discontinuous solu- 
tion will be obtained, as in Ex. 3, by producing the ordinate at If the 
ordinate thus produced =a 2 , the arc will degenerate into two straight lines 
= K^-Ki and a : but if the given length be still too great, the ordinate at A 
may be still further produced to (0, yi), and the arc made up of the part of 
ordinate above A = 2 /i and an arc of a catenary from B to (0, y^) convex 
to the axis of x^ and touching that of y. This may be neatly illustrated 
statically ; vide Besearches, Chap, XI. 


11. The question here is supposed to mean that as at any proposed 
point of the required curve, the function n^{y‘i‘[m-x)p]{y^[n-x)p} can 
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only vary by variation of the conditions that u is sl maximum or minimum 
may be- found by differentiating^ with regard to p as the only variable. 

= {771 - x]{y + {n- x)p] +{n- x){y -h (m - for a maximum 


Thus 


dp 


, . {2x-m—7i)y . 2n 2x~m-n 

d^u 

= c(m - x) {n - x) ; also ■ — = 2(m - x)(7Z - x\ 

CLp'‘ 

therefore u is a maximum or minimum according as {7n-x)[n-x) is nega- 
tive or positive, and y'^ must be positive, therefore w is a maximum or 
minimum as y-=c(m-x){7i-x) represents an ellipse or hyperbola, and 
clearly the proposed point may be any point on one or other of these 
curves. By varying c the corresponding value of % will vary, but will be 
constant for the same value of c : for 

4zi = 4^/^ ~ 4:(2a; - m - ?? ]py + Urn -x)[n— x)p^ 

= 4r (m - tr) {7i - x) - 2c{2x - m -oif -f (2a: - m - nfc = - c(m -- n)^. 

12. Here p52/-h2/5p = 0, and (jr--—)d^y+^,5p = 0, therefore, eliminat- 

\ VJ ir ^ p 


mg^y^7X^Bp,p{xp-2y)^7fp, therefore £Cj:) = 3y, or - 

du Sir® ^ ^ 

x^ = ay : thus y^ = — > which oc with x. 


and therefore 

y X 

, ^ „ TTrl'kinl'i tttt+'.Vi /vi 

dx ’ 

13. If this point be not assumed, then, in Art. 363, it would be neces- 

.arytopul 




= 0 , 


and therefore the curve lies in the vertical plane containing the two given 
points. 


then 

r^l 


14. If the axis of revolution be axis of x, and extend from tr=0 to x=Xj, 

f 27ry\/l'j-p^. dx is constant, and the moment of inertia is 
^0 


r*l 

/ dx. Try- 

Jo 


— , and therefore if the solid be homogeneous V may be 


put ~?/ + ay\/lT^f and therefore K = 0 gives 


ayp^ 


^ + ay\/l --" + 0 or 


ay 


Vl+p^ 

also the limits of y being unknown, 

Po = 0=Pi, i.e., — gyo- =0 = -l^. 


'q_ 


= c; 


.( 1 ) 
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therefore 2/0 = ^ consequently c = 0 by (1), tinless 2 ^ 0 -^ i which, except 
when yQ = 0, would not correspond to a continuous solid of revolution. 
Thus the generating curve is terminated by the axis, and (1) gives 

vl 

therefore a is negative as y is positive, and the normal 

ds a . 

n=y;j^=y^a+r=--^, 


and 


3y2=- 


ap 


{1+p^P 

n ~ 3p. 


dp 

dy 


a dp _ 
(l+p2)| dx 


and 

Here, changing the independent variable from xtoy and putting q for 
V becomes V' = y^q + ay\J 1 + (ft 

therefore the terms of the second order under the integral sign become 

__ {Sqf 

dq- 


dx 


2 ^ 




r (i+e=)- 

which is of the same sign as a, that is, negative ; and therefore the curve 
obtained gives a maximum. In effect, the length of the axis is determined 
from the given area. 


15. If the axes of x and y be those of figure and of revolution respec- 
tively, a minimum is required of j {^-’^x^yHx-r J y-iccZa?, while J y^dx 
is constant. Hence, if u, v denote the first two integrals respectively, 

^ i-a, 8 f yhlx = 0, 

rh f^i r^i 

/ {y^i-2x-y]8?jdx-~ 2xy8ydx-{-av 2yd)idx~0. 

h u >0 ^^0 " 

To this order of variation - and v are constants, and therefore the required 

u y 

curve, if “ = ^ s-nd av - a', is 9 / 2x-y - 2lxy -1- 2a' y = 0, 

or, y = 0 being inapplicable, y^ + 2a’- - 2lx + 2a' = 0, 

which is an ellipse with its minor axis on the axis of x, so that the solid is 

a part of an oblate spheroid. This result is subject to the condition that 

11 

- = when the value of y above obtained in terms of I and a' is substituted 
in u and Vf and the integrations are effected. In the solution given in the 
History . . , extending over pages 391 to 397, this condition is proved 
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to hold ; it is also shown that the ellipse meets the axis of x at the lowest 
point, and that the solution gives a minimum, but Xq is assumed to vanish, 
Le., the axis of revolution to be a diameter of the base of the solid segment. 


16. If the axis of revolution be axis of jr, the radii of the ends 2 / 0 ? 2/i 

rh 

and the corresponding limits of x be 0 and Xi the volume is / iryhlx ; and 
for the pressure at any point inside the vessel (see Besant’s Hydromechanics^ 
Part I. ) dp - p(jrydy^ therefore p = + a constant, but when y = 0, u = 0, 

therefore p = and therefore the pressure on the curved surface is 


1 pwy- 
2 


. ^Ttysh + 


and p, w being constants, the pressures on the ends are constant. Hence if 
the independent variable be changed from x to y, and q = V may be 
written ay\ + y'Vl + (f^ therefore A = 0 gives 

and since the limit Xj of tris variable 

the coefficient of SrCi = 0 = c = 0, 

\/l+^ 

therefore the generating curve is given by 

a.s/TT^ = -y2, ^Uy = ±:j^^ 

x+b = i a log.// ■- \ //" ■■ 

which gives two catenaries of wdiicli the axis of rr is the directrix, but they 
only amount to the same thing here, as corresponding to any abscissa the 
ordinate in one is only minuB that in the other ; and then the conditions 
that the point (0, 2 /q) lies on the curve, and that the volume of revolution is 
given, afford two equations for determining the two constants, and x^ can 
be found from the value yi of y in the equation to the catenary. 

Also, to the second order of variations. 


$F=: 


1 






which is positive, and therefore the result corresponds to a minimum. 

dx . 


It may he observed that from the equation asji-^q^-- yq^ ^ is of con- 
stant sign, and therefore the arc of the catenary lies entirely on one side of 
its axis. 
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17. If ^ be the length of the canal, the surface S, U the capacity, and 
A" the normal hydrostatic pressure, 



‘^ = n -Vl +jrdx, 

-0 

if a’, y be horizontal and vertical co-ordinates of any point in the boundary 

r^i 

' i/dx, Q.ndy = l fjpysflT^-dx 
•^0 J^o 

Sence V ~ + p- -f-by-h yj 1 + and V= Pp + c, 

aVl +y- + by + ys/\ pp- = - J:,—- + -7=-^ + c or t- by = c. 

Hence 


(1) the curve is 


,+ 6y = c, which represents a circle (Art. 379) ; 


^\-{-p^ 

(2) the curve is — J 'JL = c, a catenary (Art. 380) ; 

iZ) the curve is but y is supposed zero at the limits of x 

vl ’ 

therefore c = 0 here, and either 2/ = 0, which is inapplicable, or 

which represents two straight lines equally inclined to the vertical, in 
opposite senses. 


18. If the axis of y be measured vertically downwards and the axis of 
X so chosen that the velocity = \^2gy, the time of describing the curve be- 

dx, thereh)re Fmay be written 
, the variation of the time is 

)j2 


t ween the limits Xq and x^ of x is [ — 

^ ^ , therefore the limits being constant 


J § Fdx, where 



d p 'I 

dx Ay/(l”^2;2j,^^ j ^ 



gl— \ 

\/r+;>2. 2yi ^y{l+p^)i^ 


■ + ^ ), 

2yK/l+p- 


but y is positive, and so is q since the curve is convex to the axis of x, and in 
passing to a lower curve is positive therefore d F is negative, and therefore 
the time is diminished. It follows that the time along any lower curve is 
less than along an upper curve with the same extremities. Cf. Art. 363. 
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19. If the wind blow parallel to the axis of cc, the rate of sailing may 
be expressed as a function of where = since the rate will be the 
■same for the same numerical value of 'p, whether the wind be on the star- 
board or larboard quarter or bow, as the case may be. Hence r = 

f[jr) 

and the variation in the time for a slight change of course, supposing the 

frJ V ^ 

direction and force of the wind constant throughout, is I ~dpdx taken 

J dp 

between proper limits. If the limits be fixed, this gives 

J dV_ 
dx dp 


= 0 , and 


= or p-c, subject to being positive, 
dp (Ip-^ 


i,e., the direct course. But if it be supposed that the course may be dis- 
continuous, and therefore divisible into parts in which some at least of the 
limits are not determined, then the variation in the time is 

j §^^(Bpf^dx to the second order, 

and therefore for a minimum, as before ^ is positive, but ~ = 0 , which 

dp^ dp 

gives = suppose, for both of which values is the same throughout. 
This shows that the course may be made up of two straight lines, equally 
inclined to the direction of the wind. There may be more than one admis- 
sible real solution of ^= 0 , and of the corresponding courses and the direct 

course, that is required which is the least. With such a solution as 
p-jrw, a straight line must be drawn through one of the given positions 
corresponding to ^=±m, and another through the other position correspond- 
ing to 2 } = + 7 ?i : these two straight lines will meet in the point where the 
tack must be made. It will be seen from a figure that tacking is only of 
use when the wind is adverse. If the wind be favourable /(^2) increases 
as p diminishes, so that the quickest course is the direct one. 

20 . If the axis of revolution be axis of x, the vertex be at the origin, 

and h - the radius of the base, the volume = / iry-dx, and the resistance, as 
yp^ 

in Art. 366, = where x^ is unknown. The limits of y are 0 and 

h, and therefore changing the independent variable from rr to y, if = < 7 , 
y dy 

V may be put = 2 a 2 /-g-f therefore, to the second order inclusive. 


dV 


= 
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Hence there -will be a minimum when = if 3g2> 1 throughout, 

or when ay = and jp < and when y = Q,p~Qovai, therefore the 

generating curve must touch the axis of x at the vertex, and be convex to 
that axis throughout, the inclination thereto of the tangent being < 7 at 
(nji, h). If now p ~ tan 0, ay = sin^0 cos 0,- , 

a^^y. = sin-0(3 cos^^ - sin^^), 

dtp 

a— sin 0 cos 0(3 cos‘^0 - sin^0), 

dip 

if s = arc of the curve, = sin 0(3 cos^p - sin^p) - sin Bp, 

up 

as = - J cos*'0 + constant, 
or if s = 0 when p-0, Sas = 1 - cos Bp, 

This represents (Art. Ill) a hypocycloid, in which the radii of the fixed . 
and moving circles are as 3 : 1. If pj be the value of p when 2/ = 6, the’ 
constants a and are given by the equations 
a/j^ sinViCOS 01 

and the given volume = / wy'dx = / sin*^^ cos^0 . cos p sin Bp . ^ 

Jo jo a- a . 

r^i 

- / cos pdp{B sixJp-B sin‘^p-4 sinV+4- sin^^0} 
hjo 


sinPpiQOS^Pi, 
sin 0iCos^0; 




TvWfjB 


It may be shown that this has a minimum value — and therefore if this 

minimum be > than the given volume, the solution is incorrect. As, how- 
ever, by diminishing h this expression can be made as small as required, in 
this case the generating curve may be supposed to be made up of the arc of . 
a hypocycloid as before from y = 0 to y = b', where 6' is sufficiently small, 
together with a straight line = h-h' from [x-^, V) to {x^, b). It is further 
shown in the Researciies, Chap. X., that the discontinuous solution only ^ 
holds so long as the volume < -^Trb^, and that between the two limiting' 
values of the volume the discontinuous solution gives a less resistance than 
the continuous solution. 




